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BINOMIAL EXPANSIONS IN FACTORIAL POWERS* 
LOUIS BRAND, University of Houston 


1. Definitions. In the calculus of finite differences the factorial power x«™ 
plays a role analogous to that of x” in the differential calculus. Yet at present 
there is not only a wide diversity of notations for the factorial power [1], but 
also a disagreement as to its definition when the index is negative. Moreover 
the notation (ax+5)™ is sometimes used in a way inconsistent with the defini- 
tion of x™ and this usage leads to ambiguities which may be a fertile source of 
error. The way out of this confusion is to use a single definition applicable to all 
real values of the index. Moreover the alleged factorial powers (ax+b)™ are 
readily converted into genuine factorial powers. 

When 2 is a positive integer the factorial power x™ is defined as the product 
of n factors 


(1) x™ = —1)---(a—n+1). 

This definition leads to the functional equation 

(A) aimtn) = — m) = — n)™ 

for factorial powers with positive index. Just as the functional equation x™+" 
=x™x" for ordinary powers is used to define the meaning of zero, negative, 
rational, and eventually all real exponents, we use (A) to obtain a definition of 


«™ for all real m. We therefore postulate the truth of (A) for all real values of m 
and n. 


When m=0, (A) becomes x =xx™: hence if x0, 
(2) = 1, 


When m= we have =x" (x+n)™ or =1/(x+n)™. Hence if 
n is a positive integer and x0, we have from (1) 
1 


(3) = 
(e+ 1)(e@+2) 


Thus (1), (2) and (3) define factorial powers for all integral indices provided 
x0. We shall see that we can dispense with this last proviso. 

Next let x be any real number and consider the function f(x) =x. Letting 
m=1, n=x—1 in (A) we have 


f(x) = x = x(x — 1)@ = af(x — 1). 


But the gamma function = has '(x+1) =xI'(x) as functional 
equation. Hence when x is not a negative integer we define 


* Presented to a joint meeting of the Mathematics and Physics Section of the Texas Academy 
of Sciences and the Texas Section of the Association, Austin, December 11, 1959. 
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(4) x@) = T(x + 1), x#—1, -2,:- 

When x=0 this gives 0 =I'(1)=1; we may therefore remove the restriction 
x0 in definitions (2) and (3); thus 

(5) 0 =1 and 0” = 1/n! 

in sharp contrast with ordinary powers for which 0° is an indeterminate form 
and 0-* has no meaning. 


Again from (2) we have x =xt2-) =x™(x—m)@-™; using (4), we now 
give the general definitions of the factorial power [2]: 


T(x + 1) 
T(x+1—n) 
for all real values of x and » for which the gamma functions exist. This definition 


comprises all cases if we agree that, when the gamma function is infinite (for 
arguments 0, —1, —2,---), 


(7) x™ = lim (x + «)™. 
«—0 


(6) = 


Thus from (6), (—1)?=I'(0)/I'(—2) is not defined; but from (7) 
I'(e) 


(—1)® = lim (e — 1) = lim ——— = lim (€ — 1)(e — 2) = 2! 
in agreement with (1). 
An excellent occasion to use (6) arises in plotting the graph of the interesting 
continuous curve y=0@—the “sidewinder.” 
The basic functional equation (A) for the factorial power follows at once 
from (6) and the identity: 


T(x + 1) T'(x + 1) T(x — m+ 1) 


8 = 
(8) T(*+1-—-—m) 
By taking m= —™m in (A) we get the important special case: 

(9) — m)—™ = (x + m)™ = 1. 


2. Differences. The difference of a function f(x) is defined as Af(x) =f(x+1) 
—f(x). The prime importance of the factorial power is due to the formula 


(B) A(x + c)™ = n(x + ce) 
and the corresponding antidifference 
(n+1) 
(C) + o)™ = 
n+1 


where w is an arbitrary periodic function of period 1. The proof of (B) follows 
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at once from (6) and the functional equation ['(x+1) =xI'(x): 
A(z + = +¢4+ 1) — 
T(x + ¢+ 2) T(x 
n) T(x +c+1-—n) 


+ ¢+ 1) ( x+cect+i1 1) 

1 


3. Diverse notations. We pass now to some matters of current usage relative 
to factorial powers. 
First, a number of authors [3] define 


= 1/{x(« + 1)}. 


Although this definition preserves the difference relation (B), it is inadvisable 
because it does not conform to the functional equation (A) and requires a 
separate definition for negative indices. Others [4] avoid negative indices alto- 
gether or introduce special notations, thus restricting the generality of (A) and 
the difference formula (B). 

A more serious defect [5] is to write the factorial expression (which we de- 
note by an index in brackets) 


(10) (ax + = (ax + b)fa(x — 1) + b} b} 
as a factorial power; whereas, in conformity with (1), 
(ax + b)™ = (ax+ b)(ax +b 


However (ax+5)™ is readily expressed as a factorial power: 


(11) (ax = ar(x + (6/a))™; 
its difference then follows from (10): 
(12) A(ax b) [n] — a"n(x -+- an(ax b) 


4. Binomial expansions. By means of (6) the binomial coefficient 


is generalized to all values of x and k. Moreover this generalization preserves the 
relations 


: 
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originally suggested in the integral case by interpreting (fj) as the number of 
combinations of x things taken k at a time. 

The generalized figurate numbers F} defined by Frankel [6] are actually the 
coefficients in the expansion of (1—x)-*: 


(15) "=> Fix , |x| <1. 
Consequently for all integral values of m, 

(16) 


The definition (6) may now be used to define Ff for all real . The “criss-cross 
multiplication” of two sequences a; * b, defined by Frankel in Section 5 is their 
Cauchy-product sequence; and the theorems in his Section 6 follow at once from 
this fact and equation (15). For example (1—x)-™—"=(1—x)-™(1—x)-" yields 
= 

The binomial theorem may be extended to factorial powers. Thus when 1 
is a positive integer 


(17) (x+y)™ = 
reo \R 
a result known as Vandermonde’s theorem. This identity, trivial for m=1, may 
be proved by induction. 
A proof that reveals the essential connection of (17) with the binomial theo- 
rem for powers depends upon the identity (1+/)*+*¥=(1+2)7(1+2)"; for if we 
replace the powers of 1+¢ by binomial series and equate the coefficients of #” on 


sides, we have 
n n/ \O O/ \n 
On multiplying this equation by m! and using m!=(;)(n—k)!k! we obtain (17). 
(See Frankel [6], Sec. 9.) 

Under appropriate conditions the expansion (17) also applies when 2 is 
negative or fractional; in general, the series is then infinite and conditions for 
its convergence to f(x) must be investigated. But unlike the ordinary binomial 
expansion, the series for (x+y) will terminate when y is a positive integer. For 
example, 
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k=0 


(4) (4)—)2@ (3) (—8)9 (2) 
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which is ($). Moreover, 


2 i 
= 
k 


k=0 


(4) 1/292 4 — 202) 


r(3)(1 + 1 — 4) = 
which is ($)“ =I'(3)/T'(3). These examples suggest the 


THEOREM. Whenever a binomial expansion in factorial powers terminates, it 1s 
correct irrespective of the index. 


Proof. Let m be a positive integer; then from (A) 
(x + m) (n) (x + m) (m+n—m) — (x + m) (m) 4 (n—m) 


= + m—n + n) 


Il 


lI 


{ m 
(n—m) > ( (x + m — 


k=0 
Again from (A) we have 


+ m— n) (m—k) — (n—m+m—k) = 


hence 


k 


k=0 k=0 
in view of (13). This proves the theorem. 


The author wishes to thank the referee for suggesting a perusal of and refer- 
ence to the paper of E. T. Frankel [6]. 
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EMBEDDING INCOMPLETE LATIN SQUARES 
TREVOR EVANS, Emory University and the University of Nebraska 


An incomplete n Xn latin square based on 1, - - - , m is a square array of n 
rows and » columns such that a subset of the m? places are occupied by integers 
from the set 1, - - - , 2 and such that no integer occurs more than once in the 
same row or column. We solve in this paper, the following problem. For each n, 
what is the smallest ¢ such that any incomplete Xn latin square can be em- 
bedded in a ¢Xt or smaller latin square. It is shown that, for 724, t=2n. 

Applications of this result yield the following properties of loops. An incom- 
plete loop containing m elements can be embedded in a loop containing 2n 
elements. An infinite loop defined by a finite set of generators and relations has 
a finite homomorphic image of order ¢, for every t2k, where k is a positive 
integer determined by the generators and relations of the loop. 

The above result on the embedding of incomplete latin squares isa simple 
consequence of the following theorem, due to H. J. Ryser [7], giving the condi- 
tions under which an r Xs latin rectangle based on 1, - - - , m may be extended 
to an m Xn latin square based on 1,---, m. 


THEOREM 1. Let N(i) be the number of times the integer i occurs in the latin 
rectangle. A necessary and sufficient condition that the r Xs latin rectangle can be 
extended to an n Xn latin square ts that N(1)=r+s—n, fori=1,---,n. 


We begin by exhibiting, for each »24, an incomplete » Xz latin square 
which cannot be embedded in a latin square of order less than 2”. Consider the 
incomplete Xn latin square, which has, except for the 2nd and 3rd columns 
in the (7—1)th row and the 2nd column in the nth row, 1+j—1 (mod 7) as the 
element in the ith row and jth column. The element in the (7 —1)th row and 2nd 
column is 1 and the other two places are unoccupied. 

Assume that this incomplete latin square S is embedded in a ¢ X# latin square 
T, based on 1, - - - , . The unoccupied places in S cannot be occupied in T by 
elements in {1,---, } and sot2n+1. The element m+1 is in each of the 
first »—2 rows of T and hence T contains at least m—2 columns in addition to 
the m columns of S. That is, t22n—2. Let S’ be S with the unoccupied places 
filled in with the elements they occupy in 7. Then S’ may be considered as an 
n Xn latin rectangle based on 1,---, ¢ and we may apply Theorem 1. If 
t < 2n, then » + —t>O and so N(zt) is positive. Hence every integer in 
{1,- ++, t} occurs at least once in S’. Since S’ contains at most two elements 
from {n+1, n+2,---, t} and t22n-—2, this is a contradiction if m>4. If 
n= 4, we obtain a similar contradiction for t=7. If n=4 and t=6, then >2. 
But in this case, either both unoccupied places in S contain the same element 
in S’ so that one element in { e+", 6} does not occur in S’ or the two places 
are occupied by 5, 6, each of which then occurs only once in S’. Again we have a 
contradiction. Thus S cannot be embedded in a latin square of order <2n. 

For the cases n=2, 3, not covered in the above discussion, it is easy to 
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verify (i) an incomplete 2X2 latin square can be embedded in a 2X2 or 3X3 
latin square and there is an incomplete 2 X2 latin square which cannot be em- 
bedded in a 2X2 latin square, (ii) an incomplete 3X3 latin square can be em- 
bedded in a 3X3, 4X4 or 5 X5 latin square and there is an incomplete 3 <3 latin 
square which cannot be embedded in a 3 X3 or 4X4 latin square. 

We now prove that any incomplete Xn latin square S can be embedded 
inatXtlatin square T for any t2 2n. Let A bea latin square of order t—, where 
t=2n, based on the integers n-+1, +2, ---,¢. Let S’ be the » Xz latin rectan- 
gle based on 1, - - - , t, obtained from S by filling in, for all 7, 7, an unoccupied 
place in the 7th row and jth column of S with the element in the ith and jth 
column of A. Since n+”—t<0, the condition of Theorem 1 is satisfied and we 
conclude that S’ can be extended to a ¢X¢ latin square based on 1,-:-:-, t. 
That is, S can be embedded in a ¢ Xt# latin square. 


THEOREM 2.* For any n, an incomplete n Xn latin square can be embedded in a 
tXt latin square, for any t=2n. 


There are immediate applications of Theorem 2 to the theory of loops and 
quasigroups. A quasigroup is a set closed with respect to a binary operation ab, 
such that for any pair of elements a, b, there are unique solutions of the equa- 
tions ax=b, ya=b. A loop is a quasigroup with a unit element. An incomplete 
quasigroup is a set with a multiplication defined for some pairs such that if 
equations ax=b or ya=b have solutions, then these solutions are unique. An 
incomplete loop is an incomplete quasigroup with a unit element and the product 
of this unit with every element is defined. A full discussion of these ideas may 
be found in [1]. The multiplication tables of finite quasigroups and loops are 
latin squares and of finite incomplete quasigroups or loops are incomplete latin 
squares. Thus the following is an immediate consequence of Theorem 2. 


COROLLARY. An incomplete loop (quasigroup) containing n elements can be 
embedded in a loop (quasigroup) containing t elements, for any t2=2n. 


In this deduction from Theorem 2, we cannot say in general that the ele- 
ments of the incomplete loop J generate the loop L in which it is embedded. 
In the special cases, t= 2n, 2n-+-1 this is so (provided J is not a loop) for then 
the elements of J generate at least one element not in J and a loop of order 2n 
or 2n+1 cannot contain a proper subloop of order greater than m. We can use 
these special cases to extend the corollary to the case where the incomplete loop 
does generate the loop in which it is embedded. 

Let J be an incomplete loop containing m elements and with at least one 
product, say ab, undefined. Let J, be the incomplete loop containing as elements 
the union of the set of elements in J and a set { 1, se, Cp} of elements not in J. 
The multiplications defined in J, consist of those defined in J and the products: 


* I have recently been informed that a proof of this has been obtained independently by 
S. K. Stein. 
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2 
ab = Ci = Ci41, ec; = Ce = Ci, 


where ¢ is the unit element of J. 

Now J, contains J and is generated by J. Hence any loop in which 7, is 
embedded and which is generated by J, will also contain J and be generated 
by J. By the remarks following the above corollary, J, can be embedded in a 
loop containing either 2(n+) or 2(n+)+1 elements and J, generates this 
loop. 

A similar analysis gives corresponding results for quasigroups and so we may 
now state a stronger result than that of the first corollary. 


SECOND COROLLARY TO THEOREM 2. An incomplete loop (quasigroup) con- 
taining n elements can be embedded in a loop (quasigroup) of order t which is gener- 
ated by the incomplete loop (quasigroup), for any t=2n. 


If LZ is an infinite loop defined by a finite set of generators and relations, then 
a finite set of generators and relations may be found for LZ such that these gener- 
ators and relations form an incomplete loop J ({1], [3]). Furthermore, any 
embedding of J in a loop which J generates is a homomorphic image cf L 
({3]). Thus, from Corollary 2, we obtain the following theorem. (A similar theo- 
rem holds also for quasigroups.) 


THEOREM 3. An infinite loop defined by a finite set of generators and relations 
has a finite homomor phic image of order t, for any t2=k, where k is a positive integer 
determined by the generators and relations of the loop. 


This theorem may be compared with the example in [2] of a finitely gener- 
ated and related infinite loop with uncountably many nonisomorphic homomor- 
phic images of countably infinite order and with the example due to G. Higman 
[5] of a finitely generated and related group with no nontrivial finite homo- 
morphic images. 

We conclude by mentioning a few problems. Clearly some incomplete » Xn 
latin squares can be embedded in latin squares of order less than 2”. What are 
conditions for an incomplete Xn latin square to be embeddable in an Xn 
latin square? In particular, can an m Xn incomplete latin square with at most 
n—1 places occupied be completed to an m Xn latin square? It is easy to see 
that there are incomplete latin square with places occupied which cannot be 
so completed. Can a pair of incomplete » Xn latin squares which are orthogonal 
(insofar as the condition for orthogonality applies to the incomplete squares) 
be embedded respectively in a pair of ¢X# orthogonal latin squares and if so, 
what is the smallest ¢ for each 2? The ideas which are probably needed to attack 
these problems are discussed in detail in [6]. This paper also contains a proof of 
Theorem 1. A related, but presumably far more difficult, question concerns the 
embedding of partial planes in the sense of M. Hall [4]. Can any finite partial 
projective plane be embedded in a finite projective plane and if so, what is the 
minimal embedding? It is shown in [4] that any partial projective plane can 
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be embedded in a projective plane but the construction given there always 
results in an infinite containing plane. 
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CONGRUENCES FOR THE NUMBER OF n-gons 
FORMED BY n LINES 


L. CARLITZ, Duke University 


1. Let g, denote the number of polygons of m sides (including degenerate 
cases) formed by a network of lines. Robinson [3] showed that g, satisfies 
the recurrence 


(1.1) = + 1) gn—2 (n 2), 
where g:=g2=0, gs=1; it is convenient to define g=1. The writer [1] showed 
that if m is an arbitrary positive integer then 

(1.2) = (mod mo) (n 2 0), 


where =m or 3m according as m is odd or even; more generally it was proved 
that 


(1.3) (— = 0 (mod mp! (+1)/21) 0); 
s=0 5 


where [x] denotes the greatest integer Sx. 
In the present note we obtain the following results. Let m denote the largest 
odd divisor of m. Then first we have 


(1.4) &m = (—1)"2-™ (mod m)), 


(1.5) = (—1)"2-"g, (mod m)). 


Next if we put 


| 

e 

e 

n 
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(1 .6) A’gn = > (— r ) am; 
AY 


s=0 
then we show that 
(1.7) A'g, = 0 (mod 


The last congruence may be compared with (1.3). The possibility of ob- 
taining a congruence like (1.7) was suggested by some recent results concerning 
arithmetic properties of congruences of the second order [2]. 


2. It will be convenient to consider the polynomial g,(x) satisfying 
(2.1) Bn4i(x) = (x + gn(x) + — 1)gn-2(x) (n = 2), 


where go(x) =1, gi(x) =x, go(x) =x?+x. Then gn(x) is of degree m and g,=g,(0). 
It is easy to show that (2.1) implies 


(2.2) n(x) (t"/n!) = (1 — exp(—}t — 3°), 
n=0 
which yields 


(2.3) = 2. 


r+e+2ten ris it! 


where (x),=x(x+1) - (x+r—1), (x)o=1. 
It is proved in [4] that if u,=2(g./(m—1)!), then 


+ 4)-, 


(2.4) lim (u,/n) = 


In precisely the same way one can prove that 


(2.5) lim i = ¢/4 (x > — 4). 
Using Stirling's formula, (2.5) reduces to 
1/2—z —3/4 
(2.6) lim (x > — $). 
n— © n! T(x + 3) 


For x=0, (2.6) agrees with (2.4). 


3. Returning to (2.1) we suppose that x is either an indeterminate or a ra- 
tional number that is integral (mod mm), where m is the largest odd divisor of m. 
Clearly (2.1) implies 


= (x + + mM) gnym(x) + + m)(n + m — 
= (x + 1) gnym(x) + — 1)gn4m—2(x) (mod my), 


1 


( 


1 
W 
( 
n! 
(. 
( 
( 
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so that 
Agnsi(t) = (x + m)Agn(x) + — 1)Agn—o(x) (mod m), 
where 
(3.1) Agn(x) = gm(%) gn(X) — Snim(x). 
Since 


Ago(x) = gm(x) — gm(x) = 0, 

Agi(x) = xgm(x) — gm+i(x) = 0, 

Age(x) = + x) gm(x) — gm+2(x) 

— (x + 1) gmyi(%) + (x? + x) gn(x) = 0, 


it follows that 


(3.2) Ag,(x) = 0 (mod m)) (n = 0). 


In the next place if we assume that x is a rational number that is integral 
(mod m,), then by (2.3) 


Sm(x) = m\ (x + 4), 


r+3+2t=—m s! ! r! 


every term on the right is divisible by m, except the term in which r=0, s=™m, 
t=0. Therefore we get 
(3.3) &m(x) = (—1)"™2-™ (mod m)). 

Combining (3.2) with (3.3), it is clear that 
(3.4) En+m(X) = (—1)"2-™g,(x) (mod (n = 0). 
For x=0, (3.3) and (3.4) reduce to (1.4) and (1.5), respectively. 

4. We rewrite (2.1) as 

xgn(x) = — mgn(x) — — 1)gn2(x). 
It follows that 
= 


where the A;,.(7) are polynomials in » with coefficients that are integral except 
for powers of two. Consequently 


(4.1) &m(X) gn(x) > 


s=—2m 


where the B,,.() are polynomials in m with coefficients that are integral except 


r 
5 
| 
’ 
s=—2k 
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for powers of two. In (4.1) we think of m as fixed while »=0, 1, 2, - - - ; also 
we take B,,,(m) =0 (s<—n). 
We now rewrite (4.1) in the form 


and apply (3.2). Thus 
(4.3) £n+e(x) = O (mod m). 


We require the following 


LEMMA. Let uo(x), u(x), - ++, un(x) denote a set of polynomials in x with 
integral coefficients and highest coefficient =1; also let deg u,(x)=r for OSrSn. 
Assume that Ao, Ai, +++, An are integers such that » am A,u,(x) =0 (mod m); 
then A,=0 (mod m) (0Ssn). 


The proof of this lemma will be omitted. We remark that the lemma holds 
when m is odd and the various coefficients are integral except for powers of two. 
We also remark that when u(x) is a polynomial with integral coefficients, the 
statement u(x) =0 (mod m) means that each coefficient is divisible by m. 

Applying the lemma to (4.3) we immediately obtain 


(4.4) Bms(n) = 0 (mod m)) (—2m SsSm-— 1). 
In the next place we define the operator 
Adn(x) = gm(x)on(x) — Gnt+m(x) 
and generally 
A’dn(x) = — AP nim(x), 
where ¢,(x) is an arbitrary function of and x. It follows that 


s=0 
Applying A*—! to both members of (4.2) we get 
m—1 
(4.5) Arga(x) = 
In addition to A’ we also require the operator 5° defined by 


e=0 


It is not difficult to verify that 


s=—2m 
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r—1 1 
AT '{ = j ) 


j=0 


Thus (4.5) becomes 


r—l 1 
s=—2m j=0 
We shall now prove that 
(4.7) A’gn(x) = 0 (mod m:), 


where r;= [(r+1)/2], by an induction with respect to r. For r=1, (4.7) reduces 
to (3.2). We accordingly assume that (4.7) holds up to and including the value 
r—1. Since B,.(”) is a polynomial in with coefficients integral (mod m,), it 
follows that 


(4.8) 5’ Brs(n) = 0 (mod m). 
Consider a typical term 
(4.9) Cie = Bma(m) A jm(*) 


in the right member of (4.6). For 7=0, we use (4.4) to get 


{1+r/2] 


(4.10) Co. = 0 (mod m ) 
by the inductive hypothesis. For 721, we use (4.8) to get 


5+ [(r—3) /2] 


Cj, = 0 (mod m, ). 


Since 1+[3r]=[3(r+1)], 7+ ] = [407 4+1)] it follows from 
(4.6), (4.9) and (4.10) that 


A’g,(x) = 0 (mod 


This completes the proof of (4.7). 
If we now employ the identity 


e=0 e=0 


with A\=(—1)"2-™ and make use of (3.3), we get 


(4.11) (= = O (mod m:), 


provided x is a rational number that is integral (mod m)). 


eC 
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We may now state the following 


THEOREM. Let m be an arbitrary positive integer and m, the largest odd divisor 
of m. Then the polynomial g,(x) satisfies 


& r r—s r 
(-1) (x) gn+em(%) = O (mod my), 
s=0 

where r=1 and r= [(r+1)/2]. Here x is either an indeterminate or a rational num- 
ber that is integral (mod m,). Moreover in the latter case we have 


(4.12) 7) = 0 (mod 


e=0 
For x=0, (4.12) evidently reduces to (1.7). 
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BUSCHE-RAMANUJAN IDENTITIES 
P. J. McCARTHY, Florida State University 


1. Introduction. An arithmetic function f(r) is called a linear function if for 
all positive integers r and s we have f(rs) =f(r)f(s). f(r) is called a quadratic 
function if there are two linear functions f,(7) and f(r) such that for all positive 
integers r, 


(1) f(r) = DV A@falr/d). 


A quadratic function f(r) is multiplicative and so f(1) =1. A multiplicative func- 
tion f(r) is said to admit a Busche-Ramanujan identity if there is a multiplica- 
tive function F(r) such that for all positive integers M and N, 


f(MN) = f(M/d)f(N/d) Fd). 
) 


d|\(M,N 


All of this terminology is due to Vaidyanathaswamy [6], and he showed that 
the only multiplicative functions which admit Busche-Ramanujan identities 
are the quadratic functions ([6], Theorem XXXV). 

Now, Ramanathan proved in [5] that a quadratic function f(r) admits, in 
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fact, a Busche-Ramanujan identity of the form 


(2) f(MN) = f(M/d)f(N/d)u(d) B(@), 
d\(M,N) 

where B(r) is the linear function whose value at the prime p is B(p) =f?(p) 
—f(p*). In Section 2 we shall give an exposition of the result of Vaidyanath- 
aswamy mentioned above. As D. H. Lehmer remarked in his review (MR 6, 58) 
of [5], a multiplicative function f(r) is quadratic if for each prime p, f(p*) as a 
function of a, is given by a recurring series of the second order. The theorem of 
Section 2 makes this more precise. In Section 3 we generalize (2) and in Section 
4 we discuss some examples of quadratic functions. 


2. Vaidyanathaswamy’s theorem. In this section we shall prove 


THEOREM 1. For a multiplicative function f(r) the following statements are 
equivalent: 

(A) f(r) is a quadratic function. 

(B) For each prime p and positive integer a 


(3) = f(p)f(o*) — Bio), 


where B(p) is the function defined above. 
(C) f(r) admits a Busche-Ramanujan identity. 


Proof. Assume that (A) is true. Then f(r) is given by (1) and so if fi(p) =X 
= X(p) and f2(p) = Y= Y(p) we have for a nonnegative integer c 


(4) fe) = 


i=0 


Then f(p) =X + Y, f(p?) =X?+XY+ Y? and so B(p) =X Y. Thus for a positive 
integer a the right-hand side of (3) is equal to 


a a—l 
(X + Y) XV 


i=0 i=0 
a a a—l 
i=0 i=0 i=0 
a 
i=0 i=0 


which is equal to f(p*t'). Hence (B) is true. 
Now assume that (B) is true and, for a prime p, let X and Y be the solutions 
of the equations X + Y=f(p), X Y=B(p), that is, 


xX, = + — 4B(p)}]. 


Let fi(r) and fe(r) be the linear functions whose values at the prime p are, 
respectively, X and Y. Then, to show that f(r) is quadratic, we shall show that 


= 
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(4) holds for every positive integer c. By our choice of X and Y, (4) holds when 
c=1. Assume (4) for all ca. Then, using (3), we have by (5), 


a el a+l 
= (X + Y) xy > = 2. Xiyeti-i, 
i=0 i=0 i=0 


Thus (A) is true. 

Still assuming (B) to be true we shall show that f(r) admits the identity (2). 
Now, if M.N,) =1, then ((M,, M,), (M2, N2))=1 and (M, M2, N,N:2) 
=(M,, N1)(Me, N2). Thus, to prove (2) we need to do so only when M and N 
are powers of the same prime p. Let M=p* and N= p* and assume, without loss 
of generality, that 1Sa<b. We wish to show that 


= — f(b? B(p). 
We shall prove this by induction on a: it is true for a=1 by (3). Thus if a>1, 
= — Blo), = f(b") — f(b") B(P). 


Hence, if we assume that (6) holds whenever a is replaced by an integer less than 
a, we have 


= — B(p)] — B(p) 
= f(p*)f(b") + B(p) f(b") — — f(b") 
= — f(b?) Bip). 


Thus (C) is true. 

Now assume (C), that is, for some multiplicative function F(r), 

f(MN) = f(M/d)f(N/d)F(d). 
(M,N) 

If we now set M=p* and N=p we have f(p*+') =f(p)f(p*) + f(p2-!) F(p). But, 
taking a=1 we see that F(p) = —B(p), and so (B) is true. 

This completes the proof of Theorem 1. Note that a quadratic function f(r) 
is completely determined by the values of f(p) and f(p?) for the various primes p. 


3. A generalization of (2). Let ci(n, r) be the extended Ramanujan sum de- 
fined by Cohen in [1]. We then have 


THEOREM 2. If f(r) is a quadratic function and B(r) ts the linear function de- 
fined above, then for any nonnegative integer n, 


(7) Ba) d*B(d)f(MN/d’). 


d| (M,N) d|(M,N),d*\n 
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Proof. Using Cohen’s evaluation of c,(, r) ({1], Th. 2), we see that the left- 
hand side of (7) is equal to 


(M,N) (n,d") 


= & DY 


(M,N) ,d=be 


= 2 &Ble) 


el(M,N),e*|n (M/e,N/e) 


and, using (2), we obtain the right-hand side of (7). 
If s is a nonzero complex number we set 


g(r) = d'u(r/d). 


dir 


For a positive integer k, ¢:.(r) =c,(0, r), and the proof of the following identity 
is the same as the proof of (7): 


d|(M,N) (M,N) 


The special case of (7) when f(r) =o,(r) =the sum of the sth powers of the 
divisors of r was proved by the author in [4], Theorem 4. Cohen had previously 
obtained this result when f(r) =¢,(r) and k=1 ([{2], Th. 10). 


4. Some quadratic functions. Let r(r) be the arithmetic function of Raman- 
ujan defined by ({3], Ch. X): 


— (|x| < 1). 


r=1 r=1 


Mordell proved that r(r) is multiplicative and that for every prime p and posi- 
tive integer a, 


(pot!) = 1(p)r(p*) — 


({3], Sec. 10.2). Then 72(p) —7(p?) =p"! and so r(r) is quadratic. This fact was 
noted by Ramanathan ([5], p. 114), as was the identity 


7(MN) = >> 


(M,N) 
From Theorem 2 we obtain 
> >> d7(MN/d?), 
d|(M,N) d|(M,N)d*\n 


and from (8), 
>> = D> 


d| (M,N) (M,N) 
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If we set M= N=r we obtain 


dir d\r 


which yields on setting s= —11, 


D = r(d’). 


dir d\r 


We also have for any prime p and positive integer a, 


In passing, we note that the Ramanujan hypothesis ([3], Sec. 10.7) states that 


t(p) <2p1"/? for every prime ~, so that the expression under the radical in the 
above formula is negative. 


Let A(r) =(—1)®, where Q(r) is the number of primes dividing r with 
repetitions counted. \(r) is a linear function and we consider the quadratic func- 
tion Bx(r) = d*A(r/d). For this function, B(r) =d(r)r*. It was shown in [4], 
Section 6 that Bx(r) = >cater da(d), and that B,(r) is the number of integers 
a(mod r*) such that the largest integral Ath power which divides both @ and r* 
is a 2hth power. From Theorem 2 we have 


(M,N) d|(M,N)d*in 


We can also write several other identities, such as 
d\r d\r 


Note that Bn(p*) = 
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CRINKLY CURVES AND CHOPPY SURFACES 
F. A. BEHREND, The University of Melbourne 


In the following we describe a straightforward method of constructing real 
functions f(s) which are continuous for all real s but nowhere possess a differen- 
tial coefficient finite or infinite. The nonexistence of the differential coefficient 
of a bounded function f(s) is guaranteed if its graph is infinitely crinkly, 7.e., if 
to every o and to every M>0 there exist s and s’ such that 


f(s) flo) 


(1) A(f;s,¢) = M, A(f;s',c)S—M. 

(See [1], p. 465, footnote.) The idea is to construct f(s) as a series }>g,(s), 
where the buiding bricks g,(s). become progressively crinklier as n—« and 
where care is taken that the crinkliness of g,(s) is cancelled neither by the earlier 
nor by the later terms of the series; the first is achieved by imposing a Lipschitz 
condition, the second by letting the terms of the series decrease sufficiently 
rapidly. More precisely: 


THEOREM 1. A function f(s) = }>%.1 ga(s) is continuous and nondifferentiable 


for all s if there exist sequences {Cn},{Dn}, {Kn}, {Ln}, of positive numbers such 
that 


(i) for every o and every positive integer n there exist s, and sx such that 
lo—sn| A(gn; Sn, 7) >Kn; | 6) S 

(ii) |A(gn; s, o)| <L, for all s, o(s¥o); 

(iii) | gn(s)| $C, for all s; 

(iv) is convergent; 


Proof. (ii) implies the continuity of gn(s); (iii) and (iv) imply the uniform 
convergence of > g,(s), hence the continuity and boundedness of f(s). Let o be 
given, Sn, Sn the values existing by (i); then 


AG; Sny = A(gn; Sny a) + A(g,; a) + >» (g,(Sa) = g(o))/(Sn — 


vex] 


n—1 
=> Ka — L,— (2/Dn) Cy = Ma. 
von] yeen+1 
Similarly, A(f; s,’, 7) S — Mn, and (1) is satisfied as M,—>& by (v). 
Any functions g,(s) satisfying (i), (ii), (iii) only can be used as building 
bricks after suitable calibration; more precisely: 


THEOREM 2. If the functions g,(s) satisfy (i), (ii), (iii), then there exist se- 
quences {an}, {bn} of positive real numbers such that f(s)= } angn(bns) is con- 
tinuous and nondifferentiable for all s. 
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Proof. The calibrated functions angn(b,s) satisfy (i), (ii), (iii) with C,, Da, 
Ky, L, replaced by anCn, Dna/ba, GnbnKn, Gnbaln, respectively; the conditions 
(iv), (v) to be satisfied thus become 


(iv’) > is convergent; 
(v’) limMn +0 { ba(@nKn (2/D,) a,C,) a,b,L,} =+o. 
The positive constants a, @2, - - - can be chosen successively so as to satisfy 


the inequalities a,C,<2-* and 2dnyyCnsy/Dn<GnK,2~ for all n21, p21; this 
choice implies that (iv’) holds and that the factor of b, in (v’) is positive; 
(v’) can then be satisfied by suitable choice of the dy. 

Condition (i) is satisfied for pseudoperiodic functions g,(s); these are char- 
acterized by the existence of constants P,>0, Qn, and R.i(Q,<R,) such that 
every interval of length P, contains points gn, fn, Where gn(Gn) SQn, gn(?n) [Ra 
(see [1], p. 469). For, choose any D,>0; let o be given and let g(c) <3(0,+R,) 
(the case 2 is similar); then there exists s, in the interval [o+Dn, o+D,4+P,] 
and s/ in [c—D,—P,, such that ga(sn) =>Rn, ) 2>Ra, whence 


£n(Sn) 8n(o) > R, — 3(Qn + R,) R, — Qn 
2(Dn + Pr) 


and, similarly, A(gn; sx , ¢) S —Kna, where lo—s,| =>D,, lo—s, | =D,,. 

In particular, any nonconstant periodic function satisfying a Lipschitz con- 
dition (ii) will also satisfy (i) and (iii). 

In many classical examples, like Weierstrass’s >a" cos b"rs, the simple 
calibration a,=a", b, is used. 

THEOREM 3. If the functions gn(s) satisfy (i), (ii), (iii) with constants inde- 
pendent of n, Ca=C, Da=D, K,=K, Ln=L, say, then f(s) = is con- 
tinuous and nondifferentiable for all s for sufficiently small positive a and sufficiently 
large positive b. 


A(gn3 Sny a) = 


Proof. Conditions (iv’) and (v’) become 


(iv’’) is convergent; 
2C a"b” — ab 
Condition (iv’’) is satisfied when a <1, and (v’’) when ab>1 and 
2aC L 


K > 0; 
Dii-—a) 


this can obviously be achieved by choosing a sufficiently small and ad sufficiently 
large. 


Theorem 3 applies, in particular, when g,(s) is independent of 1, ga(s) =g(s), 
say, where g(s) satisfies (i), (ii), (iii). The case of periodic and pseudoperiodic 
g(s) was studied in [1] by somewhat sophisticated methods which are more 
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powerful than the present ones (giving better estimates for a and b), but which 
conceal the relevant basic features of the construction. 

As a different application of Theorem 3 we shal! now construct real functions 
F(x, y) of two real variables which are continuous at every point (x, y) but do 
not possess a directional derivative, finite or infinite, at any point in any direc- 
tion. F(x, y) will be constructed as a series >.a"G(b"x, b"y), where G(x, y) has, 
as its graph, a moderately choppy surface. 


4. If F(x, y)= }5a"G(b"x, b"y), and if constants P>0, Q, R(Q<R), 
C>0, L>0 exist such that 


(1) any line segment of length P in the xy-plane contains points 
(Xq, Yq), (Xr, Yr) Such that G(xq, ¥q) SQ, G(x,, yr) 2 R; 


(II) for any (x, y), (&, n): |G(x, y) —G(E, n)| S$LV{ 
(111) | (G(x, $C for all (x, 9); 


then F(x, y) ts continuous for all (x, y) but does not possess a directional derivative 
at any point in any direction provided a>O is sufficiently small and b>0 1s suffi- 
ciently large. 


Proof. By (II) G is continuous, and by (III) F is bounded and continuous 
when a<1. The directional derivative of F at (xo, yo) in the direction a@ is the 
derivative, at s=0, of F(xo+s cos a, yo+s sin a), #.e., of 


f(s) = + b"s cos a, b"yo + b*s sin a) = arg, (b"s), 


where g,(s)=G(b"xo+s cos a, b"*yo+s sin a). By (I), gn(s) is pseudoperiodic, 
with constants P, Q, R independent of , and hence satisfies (i) with constants 
D, K independent of m; by (II) and (III), g,(s) satisfies (ii) and (iii) with con- 
stants C, L independent of n. Thus Theorem 3 applies with values of a, b de- 
pending on P, Q, R, C, L only, and with this choice of a and b, f(s) is nondiffer- 
entiable whatever point (xo, yo) and whatever direction @ are chosen. 

Choppy functions G(x, y) may be constructed in various ways. A simple 
example is G(x, y) =cos(#(y—cos x)). Conditions (11) and (III) obviously hold. 
To verify (1), observe that G=1 on the family of curves y=cos x+2m (m any 
integer) and that there exists P>0O such that every segment of length P in the 
xy-plane cuts at least one curve of the family (P = 47 will do, but this is not the 
smallest possible value of P); similarly such a segment cuts a curve y=cos x 
+2m+1, where G= —1; thus (I) holds with Q=—1 and R=1. More gener- 
ally, (1), (II), (III) are satisfied when G(x, y)=W~(y—¢(x)), where $(x) and 
¥(y) are nonconstant periodic functions with bounded derivatives and where 
the period of y does not exceed (max ¢—min ¢). 
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AN INTERLACING TRANSFORMATION PROBLEM 


YEONG-WEN HWANG, Civil Aeronautics Administration, Ministry 
of Communications, Taipei, Taiwan 


Let n white chessmen, denoted by W, and m black chessmen, denoted by B, 
be lined up as follows. 


(1) WWW ---WWBB--- BBB. 
We wish to realign them in the order 
(2) BWBW --- BW 


in as few moves as possible, where a move consists of picking up any two 
adjacent chessmen and replacing them in any available position without chang- 
ing their relative order. Thus, for »=3 and 4 we have the solutions 


WWWBBB WWWWBB BB 
(3) WBBBWW W--WBBBBWW 
WBB--WBW WBBW--BBWW 
BWBWBW WB BWBWB- -W 


BWBWBWB W. 


In each case we have a solution in moves. We will prove that, for n23, the 
chessmen can be realigned in ” moves but not in fewer. The case m= 1 is trivial 
and the puzzle has no solution if 7=2, so we assume 23. 

First we prove that the puzzle cannot be solved in fewer than ” moves. To 
do this we count the number of variations, WB and BW, similarly to the count- 
ing of changes of sign in Descarte’s rule of signs. The starting alignment (1) 
has 1 variation, and (2) has 2n—1. The first step in (3) for 2=3 has 2 variations. 
The first part of a move consists of removing two adjacent chessmen, X,X2X3X4 
becoming X,— — X,. It cannot increase, and may decrease the number of varia- 
tions. In fact, if X; and X, are of thesame color, then X;— — X, presents no varia- 
tion. If X; and X, are of different colors, then X,X2X;X,q presents at least 1 
variation, while X,— —X, presents exactly 1. 

The second part of a move consists of setting two chessmen back down, 
Y,— — becoming Y;¥2Y3;¥4, where Y; and Y2 may possibly be blank spaces. 
Now ¥,¥2Y3¥,4 can present at most 3 variations and this can happen only if 
Yi, Yo, Ys, Ysalternate in color. In thiscase ¥:— — Y, presents 1 variation, and the 
increase in number of variations is 2. In all other cases Y; ¥2Y;Y4 presents at 
most 2 variations and the increase is at most 2. Thus we see that each complete 
move can increase the total number of variations by no more than 2. 

Consider the first move. It picks up two adjacent chessmen in (1) and sets 
them down at one end of the row. Clearly if a pair WW or BB is moved the 
number of variations is increased by at most 1, from 1 to 2. If the pair WB is 
moved, say to the right, we get 
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WWW :---W--B--- BBBWB 


which has 3 variations. But now it is easy to verify that the next move will 
yield an alignment that has at most 4 variations. Thus in all cases either the 
first or second move will increase the total number of variations by no more than 
1. Therefore »—1 moves can increase the number of variations by at most 
2(n—2)+1=2n—3. Since (2) has 2n—1 variations, an increase of 2n—2 over 
(1), we see that »—1 moves are not enough. 

Now we show that the puzzle can be solved in m moves. A solution for »=3 
appears in (3). We will now assume 24. It is convenient to number the posi- 
tions, not the chessmen, in the following way: 


* * * bsbebibob_1, 


where positions by and b_; are empty at the start. We shall designate a move by 
writing down the symbol for the position of the left one of the pair of adjacent 
chessmen to be moved. In all our solutions the first pair to be moved will be 
put in dob_;. All later moves will put the pair into the positions left vacant by 
the preceding move. The solution (3) for »=4 is then we, by, b:, w;. This solution 
has the property that it uses only the positions originally occupied and the two 
adjacent ones to the right. Also, the final alignment leaves the first two positions 
on the left empty. Writing them out as in (3) one finds that 


We, bs, ws, b1, for n = 5, 
We, bs, Wa, bs, b1, wi for n = 6, 


We, Ws, bs, W7, wi forn = 7 


are solutions having the property described above. 

Our result can now be obtained by mathematical induction. Suppose 28 
and that for n—4 white and n—4 black chessmen the puzzle has a solution in 
n—4 moves, with the above property. For ” chessmen of each color we first 
make the two moves 


WWWWW ---WWBB.--- BBBBB 
BBBBBWW 
B--BBWW. 


Now, leaving the four chessmen on the left and the four on the right in place, 
we can use the solution for n—4 to get 


WBBW --BWBW --- BWBWBBWW 
in n—4 more moves. We finally make two more moves 


WBBWBWBWBW BWBWB--W 
BWBWBWBW --- BWBWBWBW, 
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thus solving the puzzle in 2+(m"—4)+2=n moves. This completes the induc- 
tion. 

For n24 we write n=4m-+k, k=0, 1, 2, 3, and the solution we have de- 
veloped can be written in three parts: 


II. bn ifk = 0, 
if k = 1, 
if k = 2 


bn—3Wn—20n—2Wn if := 3. 
TI. (b4m—sWam—a) * (bows) 


where I consists of 2m—1 moves, II of k+1, III of 2m; a total of m moves. 


ROTATING FRAMES OF REFERENCE AND THE 
VECTOR CONCEPT 


ROBERT C. WREDE, San Jose State College 


From the historical point of view, vector analysis is so closely related to 
developments in geometry that one can say that fundamentally the subject 
should be categorized under the heading of geometry. In particular, although it 
is not emphasized in elementary vector analysis courses, many interesting ideas 
relating to both geometry and physics follow from considerations of coordinate 
transformations. 

This paper will investigate the classical expressions for velocity and acceler- 
ation associated with two reference frames, one in rotational motion with re- 
spect to the other; that is, the vector equations* 


(1) V=Va+o Xr, 


(2) A = Aa+ 2[o X Val + (60/5/) X r+ X X 


where 6o/5t represents angular acceleration, with 6/5¢ being an “apparent” 
derivative (i.e., one taken with the supposition that the basis vectors of the 
rotating system x’ are fixed or, in other words, taken from the viewpoint of some- 
one in that system). The first and second bracketed expressions in (2) are usually 
called Coriolis acceleration and centripetal acceleration respectively. 

The equations (1) and (2) will be obtained in a component form. It will be 
shown that under appropriate definition V, A and w are not of vector character. 
Finally V and A will be replaced by quantities which do have vector character 
and the nature of w will be discussed. 


* See Nathaniel Coburn, Vector and Tensor Analysis, New York, 1955. 
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In that which follows it is assumed that an inertial frame, that is one in 
which the Newton laws hold, exists. This frame of reference will be expressed 
in terms of rectangular cartesian coordinates <*. A frame in rotational motion to 
the inertial frame will be referred to rectangular cartesian coordinates x‘. The 
coordinate systems are then related by means of the transformation equations 


(3) # = air, 


where the rotation matrix (a?) is such that its elements are functions of ¢ and 
satisfy the orthogonality conditions 


3 3 
jk 
(4) = 5 Zz. = Ox, 


i=l j=l 


where a = det(a/) = 1 and 6, =5*=1 if i=k and is 0 if iXk. In (3) the summation 
convention is used for the first time in this paper. That is, use of an index as both 
a subscript and superscript in a given term implies a summation over the range 
of the index. 


\ 
\ 
\ 
\ 
\ 
\ 
\ 
/ 
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Remarks which are made concerning the concept of vector or tensor are 
based upon the following definitions. 
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DEFINITION 1. T is a 3-space vector means that it is represented by a set of three 
functions in each allowable coordinate system and that these functions are related as 
follows :* T+=a}Ti. 


DEFINITION 2. An object is a 3-space tensor of order two means that it is repre- 
sented by a set of 3? functions in each allowable coordinate system, the functions be- 
ing related as follows: T*i=a,a}T*. 


Component expressions for velocity and acceleration can be obtained by 
straightforward differentiation of (3). After a slight rearrangement of terms 
one obtainsT 


dt dt 

at? de) dt? dt dt 


One immediately sees from examination of (5) and (6) that the components 
dx;/dt and d*x,;/dt? do not transform as components of vectors. The physical 
fact of rotation (equivalent to the mathematical fact that the aj are functions 
of 4) has destroyed the vector character of velocity and acceleration. The pur- 
pose of this paper is to introduce representations for velocity and acceleration 
such that their vector character is restored. However, let us first describe the 
way in which (5), (6) and (1), (2) are shown to be equivalent. 

Let (A5) = (ai) represent the reciprocal rotation matrix to (ai); then cor- 
responding to (4), a{At=6}, aj/A5= 6. The key to the relationship of the forms 
for velocity and correspondingly for acceleration is to notice that the expression 


j j 
k da, 3 j da; 
ay 
@ 
is skew symmetric in k and i. This fact is obtained by differentiating A ‘aj = 54 and 
using the relation A}=aj. From this point on the following notation will be used: 


j 
j i 
(7) Oi = 
jut dt 
The components a; are commonly said to be components of an angular velocity 
tensor (they will simply be called angular velocity components without any 


* In general one must distinguish between contravariant and covariant components of vectors 
or tensors, but for rectangular cartesian coordinate systems there is no difference. Hence for sim- 
plicity we just use the terms vector or tensor components. 

t For a corresponding development, see J. L. Synge and A. Schild, Tensor Calculus, Toronto, 
1956, p. 162. 
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reference to their tensor character in this article for reasons to be indicated 
later) and have an associated one-index system 

(8) w? = 


where E?*'=e,,;=1 or —1 according as p, k, 7 is an even or an odd permutation 
of 1, 2, 3; and E?**=e,,;=0, otherwise. By using the property 


pki [ki] k 


(9) = = — 
one is able to solve (8) for aw; obtaining 
(10) Wre = Cra”. 


Putting together (7) and (10) one has 


j 
11 Aj —= = Wei = Cok. 


In order to bring about the desired comparison it is also necessary to represent 
A}(d’a//dt*?) in terms of w?. The needed expression follows from (11) after 
multiplying by a}, differentiating with respect to ¢ and finally multiplying by 
Af. One obtains 


28 t 
d a; da, dw” 
@ Pp q 
(12) A: dp = + =). 


A substitution according to (11) into the right-hand member of (12) and use of 
(9) produces the result 


> 
di? pW Vig di 


Now if the relations (5) and (6) are each multiplied by Aj the substitutions (11) 
and (12) may be made. Having appropriately substituted, a sum and multipli- 
cation with aj produces the results 


dz" dx’ 
13 =) = axe 
2¢ 2k 
dx dx ‘ dw? ; dx* 
(14) —~) = + (wx | + + 


The relations (13) and (14) may be compared directly with the components of 
(1) and (2). 


It has been seen that the components of velocity and acceleration do not 


| 
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have vector character under the transformations (3). Hence the last part of the 
paper will be devoted to the introduction of generalized concepts of velocity 
and acceleration which restore the vector character. In the process of develop- 
ment it will be observed that the components w;; behave as those of a linear 
connection, the simplest example of which is the so-called Christoffel connection. 
The motivation for the generalization to be introduced is given by (13) when 
that expression is put in the form 


dit 
re] di = + ona’), 


With (15) in mind the following definition is made. 


DEFINITION 3. Let W* be the components of a vector; then the rotational deriva- 
tive of W* is defined as follows: 
DW* dW* 


dl at 


(16) 
where wy = 

The definition of rotational derivative of course does the job that is desired 
on the motivating relation (15); that is, since the #/ system is being thought of as 
stationary, and Dx*/dt=dx*/dt. Hence (15) becomes D&*/dt =a{(Dx*/dt). 
Note that the coordinates x* are vector components when the set of transforma- 
tions consist of rotations only. We are further encouraged by the fact that 

D*x* D(Dx*/dt)  d(Dx*/dt) Dx? 


Wp 


di? dt dt dt 
can, by making use of Definition 3, be put in the form 

17) = + 20; — ( —)e". 
dt? dt? )s 


For (17) is equivalent to the factor associated with af in (14) (in order to make 
the comparison the w* in (14) must be replaced according to (10) by w}). 

In the following theorem it is shown that the rotation derivatives of ist 
and 2nd order satisfy in general the appropriate transformation rule. 


THEOREM 1. Assume the existence of a Newtonian frame of reference. Let the 
frame be referred to coordinates x‘. Then the following transformation relations 
hold with respect to systems &' and x*: 

> Dx Dx”, D?xt 


Dx? 
(18) (a) (b) where (c) 0. 


Proof. Since x‘ represents a Newtonian system one concludes from (15) and 
(16) that 
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a di = di = & di 
(19) 


where x* and # are orthogonal systems related to X* by means of x/=ajx*, 
xi = b{z*. From (19) (a), (b) it follows that 


(20) Ds 3 Dx* 
= + 
By multiplying and summing in (20) with B?, where B?bj= 8, we obtain 
Di? oi OF » Dx 
di dt dt 


where c2= Bfaj. The relation (18)(b) is proved in an analogous manner. 

It is of particular interest to find that the components «;; do not transform 
as tensor components but rather transform in a manner that reminds one of 
Christoffel symbols.* This result is produced by the next theorem. 


THEOREM 2. The components wy; satisfy the transformation rule 
OX? 0% d(dx?/dx*) 


oxi dt 


Proof. In our considerations the Newtonian frame of reference represented 
in terms of coordinates x‘ is a preferred frame of reference. In particular the 
angular velocity components o,; of any rotational frame are defined in terms 
of the rotation coefficients associating the coordinates describing the frame with 
those describing the Newtonian system. Symbolically if 

ij ij 


(21) i = a;x , z = bz, 


it follows by definition (see (7)) that 


The relations (22) can be expressed in terms of partial derivatives after noting 
from consideration of (21) that 0x‘/dx*=a}, dx‘/dz*=b}. Therefore, starting 
with the left-hand expression in (22) and for convenience omitting the sum- 
mation sign (let the summation convention be extended to repeated indices 
whether in subscript-superscript combination or not), one obtains 


* For a more general discussion of connections with a special reference to kinematics, see 
V. Hlavaty, Uber eine Art der Punktkonnexion, Math. Z. 1934, vol. 38, pp. 135-145. 
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Oki = 


ox’ d (= az? d (= 
axt di\axi]) aa ax* dt\az* dx 


axt\ dt\ axt | dt\ ax 


az? a? dd 


(=) 


This completes the proof. 
It is simply a matter of algebraic manipulation to show that 


Wre ° 


Ox* axi d (= 
Wki 
Ox Ox Ox di 


Of course one should not have expected the components w,, to have tensor 
character for they are defined for any system in terms of the coefficients relating 
that system to the x/ system (i.e., the coordinates of the preferred Newtonian 
frame). Hence by definition &,; = 6{(d8{/dt) =0. Since the symbols are zero in one 
system, tensor character would imply that they were zero in every system. This 
is contrary to physical experience. 


RECOMMENDATIONS OF THE MATHEMATICAL ASSOCIATION 
OF AMERICA FOR THE TRAINING OF MATHEMATICS 
TEACHERS 


The Committee on the Undergraduate Program in Mathematics (CUPM)* 
is a committee of the Mathematical Association of America and is supported in 
part by the National Science Foundation. The general purpose of this commit- 
tee is to develop a broad program of improvement in the undergraduate mathe- 
matics curriculum of the nation’s colleges and universities. 

As part of its mandate, CUPM established a Panel on Teacher Training. t 
This panel was instructed to prepare for CUPM a set of recommendations of 
minimum standards for the training of teachers on all levels. The following 
report is the result of the work of the Panel on Teacher Training, and has re- 


* Members of CUPM: R. C. Buck (Chairman), E. G. Begle, L. W. Cohen, W. T. Guy, Jr., 
R. D. James, J. L. Kelley, J. G. Kemeny, E. E. Moise, J. C. Moore, Frederick Mosteller, H. O. 
Pollak, G. B. Price, Patrick Suppes, Henry Van Engen, R. J. Walker, A. D. Wallace, R. J. Wisner 
(Executive Director). 

t Members of the Panel on Teacher Training: J. G. Kemeny (Chairman), E. G. Begle, W. T. 
Guy, Jr., P. S. Jones, J. L. Kelley, B. E. Meserve, E. E. Moise, Rothwell Stephens, Henry Van 
Engen, R. C. Buck (ex officio), R. J. Wisner (ex officio). 
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ceived the endorsement of the Committee on the Undergraduate Program in 
Mathematics and of the Board of Governors of the Mathematical Association 
of America. 

The Panel on Teacher Training has been further charged with the imple- 
mentation of these recommendations and hopes to issue supplementary reports, 
as well as to hold various regional conferences, to make these minimum stand- 
ards a reality. 

The report consists of the following: General Recommendations, The Five 
Levels, Recommendations for the Five Levels, Summary of Recommendations, 
Curriculum-study Courses, Training of Supervisors, Sample Course Descrip- 
tions. 

Further information and reprints of this report (not available before Janu- 
ary 15, 1961) may be obtained by writing to the Executive Director: Professor 
Robert J. Wisner, Michigan State University Oakland, Rochester, Michigan. 


GENERAL RECOMMENDATIONS 


The purpose of this report is to present a preliminary outline of the panel's 
recommendations for the minimal college training program for teachers of 
mathematics. We have found it a most useful device to arrive at a classification 
of mathematics teachers which does not, as far as we know, depend on any pres- 
ent scheme of training teachers for their various tasks. The existing classifica- 
tions seem to have arisen from a series of historical accidents and from funda- 
mental psychological considerations. We hope this report reflects our feeling 
that we have made a serious attempt to classify teachers according to their 
position in an over-all sequential schedule of presenting the main ideas of 
mathematics. 

For each classification presented, we give a recommendation as to the type 
and minimum amount of mathematics which should be taken by the student 
preparing for a career in teaching. Further, we spell out in some detail the types 
of courses—included as an Appendix—which we recommend to implement the 
goals described. The courses we describe which are specifically designed for 
prospective teachers should be taught by persons who are masters of their sub- 
ject matter and who have, in addition, a knowledge of the problems which 
teachers face. 

These sample courses are given solely for illustrative purposes to explain 
the type of courses and the levels of advancement desirable for prospective 
teachers. It should be clearly understood that different institutions will wish 
to exercise considerable freedom in implementing these recommendations, both 
as to the way topics are combined into courses and as to the exact choice of topics 
for individual courses. 

There are several very sincere words of warning to be put forth in regard 
to the reading and interpretation of this report. 

First, the classifications are to be taken in the rather loose fashion in which 
they are described. Their exact delineations will of course depend upon local 
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conditions of school and curricular organization. It should be noted that the 
various classifications overlap: this is done deliberately in an attempt to meet 
just such local conditions. 

Second, the recommendations are not motivated by a desire to meet the 
demands of any special program of mathematics education; nor do the descrip- 
tions or outlines of courses to be taken by prospective teachers represent an 
attempt on the part of this committee to further the goals of any particular 
school curriculum planning organization. The recommendations are meant to 
be the minimum which should be required of teachers in any reasonable educa- 
tional program, and the course descriptions are presented only to illustrate 
what is meant by the course titles. 

Third, it is to be hoped that everyone recognizes good mathematics education 
to be a sequential experience. Thus, the teacher at any particular level should 
have an understanding of the mathematics which will confront the student in 
subsequent courses; and as a consequence, it is desirable that a teacher at a 
given level be prepared to teach at least some succeeding courses. Ideally, a 
person preparing for teaching should meet, in addition to the minimal require- 
ments set forth here, as many of the requirements for the next level as his or her 
college program permits. 

Fourth, this report is meant as a guide to the preparation of people who will 
be teaching any mathematics whatsoever. The suggestions apply, within each 
level, to all people who teach any mathematics. The recommendations do not 
in any sense exclude the teacher who is assigned classes scheduled primarily for 
students of low aptitude. 

Fifth, every good teacher knows that mathematics must begin at the con- 
crete level before it can proceed to the more technical or abstract formulation. 
Motivation for new concepts must be derived and later application of the 
theory to nature must be included. In each of the outlines to follow, it is as- 
sumed that topics will contain a judicious mixture of motivation, theory, and 
application. A purely abstract course for teachers would be madness, and a 
course in calculation with no theory would not be mathematics. 

Sixth, the phrase “a course” occurs in several places in this report. For pur- 
poses of fixing ideas, this phrase is employed in the sense of a three-semester- 
hour presentation of the subject matter described, and it is not meant to exclude 
integrated programs or other curricular arrangements. 

Finally, the reader should note that the training for Level I teaching is a 
separate program, while the curricula for the further levels form a cumulative 
sequence, in which each program is a continuation of the preceding one. 

The committee benefited greatly from previous studies on teacher prepara- 
tion, such as that of the Cooperative Committee on the Teaching of Science and 
Mathematics, a committee of the American Association for the Advancement 
of Science. The committee was also guided by discussions with a variety of pro- 
fessional organizations. It is pleased to note the considerable degree of agree- 
ment common to all proposals. 
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It should be emphasized that these recommendations are minimal in nature 
and that some institutions have already met and exceeded these recommenda- 
tions. It is expected that as high school curricula are strengthened, these mini- 
mum recommendations will be revised. 


THE FIVE LEVELS 


I. Teachers of elementary school mathematics. This level consists of teach- 
ers confronted with the problem of presenting the elements of arithmetic and 
the associated material now commonly taught in grades K through 6. The com- 
mittee recognizes that special pedagogical problems may be connected with 
grades K through 2, and so a special program may be appropriate for teachers 
of such grades. 


II. Teachers of the elements of algebra and geometry. Included here are 
teachers who are assigned the task of giving introductory year courses in either 
algebra or geometry, or the less formal preliminary material in these fields. 
These introductory courses are now commonly taught in grades 7 through 10. 


III. Teachers of high school mathematics. These teachers are qualified to 
teach a modern high school mathematics sequence* in grades 9 through 12. 


IV. Teachers of the elements of calculus, linear algebra, probability, etc. 
This is a mixed level, consisting of teachers of advanced programs in high school, 
junior college teachers, and staff members employed by universities to teach in 
the first two years. These teachers should be qualified to present a modern two- 
year college mathematics program. 


V. Teachers of college mathematics. These teachers should be qualified to 
teach all basic courses offered in a strong undergraduate college curriculum. 


The levels having been presented, we are now ready to proceed to a descrip- 
tion of our recommendations of the minimal college training requirements for 
entry into the teaching profession at each level. 


RECOMMENDATIONS FOR LEVEL I 
(Teachers of elementary school mathematics) 


As a prerequisite for the college training of elementary school teachers, we 
recommend at least two years of college preparatory mathematics, consisting 
of a year of algebra and a year of geometry, or the same material in integrated 
courses. It must also be assured that these teachers are competent in the basic 
techniques of arithmetic. The exact length of the training program will depend 
on the strength of their preparation. For their college training, we recommend 
the equivalent of the following courses: 


* Such sequences have been recommended by the Commission on Mathematics, the School 
Mathematics Study Group, the University of Illinois Committee on School Mathematics, and 
others. 
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(A) A two-course sequence devoted to the structure of the real number sys- 
tem and its subsystems. (See course-sequence 1.)* 

(B) A course devoted to the basic concepts of algebra. (See course 2.) 

(C) A course in informal geometry. (See course 3.) 


The material in these courses might, in a sense, duplicate material studied 
in high school by the prospective teacher, but we urge that this material be 
covered again, this time from a more sophisticated, college-level point of view. 

Whether the material suggested in (A) above can be covered in one or two 
courses will clearly depend upon the previous preparation of the student. 

We strongly recommend that at least 20 per cent of the Level I teachers in 
each school have stronger preparation in mathematics, comparable to Level II 
preparation but not necessarily including calculus. Such teachers would clearly 
strengthen the elementary program by their very presence within the school 
faculty. This additional preparation is certainly required for elementary teach- 
ers who are called upon to teach an introduction to algebra or geometry. 


RECOMMENDATIONS FOR LEVEL II 
(Teachers of the elements of algebra and geometry) 


Prospective teachers should enter this program ready for a mathematics 
course at the level of a beginning course in analytic geometry and calculus (re- 
quiring a minimum of three years in college preparatory mathematics). It is 
recognized that many students will have to correct high school deficiencies in 
college. (However, such courses as trigonometry and college algebra should not 
count toward the fulfillment of minimum requirements at the college level.) 
Their college mathematics training should then include: 


(A) Three courses in elementary analysis (including or pre-supposing the 
fundamentals of analytic geometry). (See course-sequence 4.) 


This introduction to analysis should stress basic concepts. However, pros- 
pective teachers should be qualified to take more advanced mathematics courses 
requiring a year of the calculus, and hence calculus courses especially designed 
for teachers are normally not desirable. 


(B) Four other courses: a course in abstract algebra, a course in geometry, 
a course in probability from a set-theoretic point of view, and one elec- 
tive. One of these courses should contain an introduction to the language 
of logic and sets. (See courses 5-7.) 


RECOMMENDATIONS FOR LEVEL III 
(Teachers of high school mathematics) 


Prospective teachers of mathematics beyond the elements of algebra and 
geometry should complete a major in mathematics and a minor in some field 


* Sample courses, by numbers, are to be found in the Appendix. 
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in which a substantial amount of mathematics is used. This latter should be 
selected from areas in the physical sciences, biological sciences, and the social 
studies, but the minor should in each case be pursued to the extent that the 
student will have encountered substantial applications of mathematics. 

The major in mathematics should include, in addition to the work listed 
under Level II, at least an additional course in each of algebra, geometry, and 
probability-statistics, and one more elective. 

Thus, the minimum requirements for high school mathematics teachers 
should consist of the following :* 


(A) Three courses in analysis. (See course-sequence 4.) 

(B) Two courses in abstract algebra. (See course-sequence 5.) 

(C) Two courses in geometry beyond analytic geometry. (See course- 
sequence 6.) 

(D) Two courses in probability and statistics. (See course-sequence 7.) 

(E) Two upper-class elective courses, e.g., introduction to real variables, 
number theory, topology, history of mathematics, or numerical analysis 
(including use of high-speed computing machines). 


One of these courses should contain an introduction to the language of logic 
and sets, which can be used in a variety of courses. 


RECOMMENDATIONS FOR LEVEL IV 
(Teachers of the elements of calculus, linear algebra, probability, etc.) 


On this level we recommend a Master’s degree with at least two-thirds of the 
courses being in mathematics, and for which an undergraduate program at least 
as strong as Level III training is a prerequisite. A teacher who has completed 
the recommendations for Level III should use the additional mathematics 
courses to acquire greater mathematical breadth. 

Since these teachers will be called upon to teach calculus, we recommend 
that the program include the equivalent of at least two courses of theoretical 
analysis in the spirit of the theory of functions of real and complex variables. 

It is important that universities have graduate programs available which 
can be entered with Level III preparation, recognizing that these students sub- 
stitute greater breadth for lack of depth in analysis as compared with an ordi- 
nary B.A. with a major in mathematics. In other respects, graduate schools 
should have great freedom in designing the M.A. program for teachers. 


RECOMMENDATIONS FOR LEVEL V 


(College mathematics teachers) 


We recognize the tremendous problems created by the shortage of qualified 
college mathematics teachers. A recommendation for the alleviation of this 
problem is now receiving serious attention. 


* The requirements for Level II preparation have been included in this list. 
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SUMMARY OF RECOMMENDATIONS 

Minimum 

Number 

Level Description Degree High School Prerequisites College 

Courses 

I | Elementary School B.A. Two Years of College 7 
Preparatory Mathematics 

II Elements of Algebra B.A., Preparation for Analytic 7 
and Geometry Mathematics Minor | Geometry and Calculus | 
Ill High School B.A., Preparation for Analytic 11 | 
Mathematics Major | Geometry and Calculus ( 
IV | Elements of Calculus, M.A. Preparation for Analytic 18 | 

Linear Algebra, in Mathematics Geometry and Calculus (approx. ) 

Probability, etc. 

BREAKDOWN BY SUBJECTS | 
Probability- 
Level Numbers Analysis Algebra | Geometry* nit Elective ) 
I 2 1 1 | 
II 2 1 2 it 1§ . 
III 2 2 2T 2§ 
Ivt 4 2 a 2 7 | 


* Including analytic geometry. 


+ An introduction to the language of logic and sets should appear in some one course. 


¢ The numbers in this row indicate the approximate number of courses. 
§ Preferably from the areas specified. 


The above recommendations have dealt in detail with the subject-matter 
training of mathematics teachers. There are many other facets to the education 
of the scholarly, vigorous, and enthusiastic persons to whom we wish to entrust 
the education of our youth. One of these merits special mention by us. Effec- 


CURRICULUM-STUDY COURSES 


tive mathematics teachers must be familiar with such items as: 


(A) The objectives and content of the many proposals for change in our 
curriculum and texts. 
(B) The techniques, relative merits, and roles of such teaching procedures 
as the inductive and deductive approaches to new ideas. 
(C) The literature of mathematics and its teaching. 


| 
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(D) The underlying ideas of elementary mathematics and the manner in 
which they may provide a rational basis for teaching, unless taken care 
of by mathematics courses especially designed for teachers. 

(E) The chief applications which have given rise to various mathematical 
subjects. These applications will depend upon the level of mathematics 
to be taught and are an essential part of the equipment of all mathe- 
matics teachers. 


Such topics are properly taught in so-called “methods” courses. We would 
like to stress that adequate teaching of these can be done only by persons who 
are well informed both as to the basic mathematical concepts and as to the na- 
ture of American public schools, and as to the concepts, problems, and literature 
of mathematics education. In particular, we do not feel that this can be done 
effectively at either the elementary or secondary level in the context of “general” 
methods courses, or by persons who have not had at least the training of Level 
IV. 

TRAINING OF SUPERVISORS 

There is a great need for providing adequately trained supervisors of mathe- 
matics, Grades K-12, for our public schools. At present, administrators find no 
ready supply of such individuals and, hence, are through necessity making 
appointments which are highly questionable, if not indefensible. For this reason, 
it is urgent to develop a program for supervisors and to seek adequate support 
for those individuals who have the desired qualities for supervision and the 
ability to benefit from advanced training. Such training would prepare the 
“leaders of teachers” in the local system, (A) to make sound judgments concern- 
ing mathematics programs for the schools, (B) to understand thoroughly the 
recommendations made by national committees, and (C) to enable schools bet- 
ter to articulate school mathematics with college mathematics. 

Prerequsite to this program should be a regular Master’s degree in mathe- 
matics or a Master’s degree given as a result of participation in an Academic 
Year Institute. The program should consist of additional graduate courses in 
abstract algebra, analysis, and geometry, with courses selected from logic, 
statistics, theory of numbers, philosophy of education, history of education, 
history of mathematics, seminar courses on the program of the elementary 
school and secondary school mathematics, and additional elective courses in 
algebra, analysis, or geometry to provide some degree of concentration. 

The committee feels that action must be taken to fill the need for supervisory 
personnel, and we recommend such action to the appropriate authorities. 


APPENDIX: COURSE DESCRIPTIONS 


We list below sample courses that might be used to fulfill the minimum 
requirements for Levels I through III, and the undergraduate requirements of 
Levels IV and V. These brief descriptions are included to clarify the meaning 
of course titles but are not intended as syllabi for actual courses. It must be 


i 
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recognized that there are other equally good ways of combining various recom- 
mended topics, and colleges should be encouraged to work out detailed curricula 
to suit their own tastes and local conditions. However, the committee hopes 
that these very brief descriptions will help in indicating the types of courses 
desirable and the level of advancement. 


Level I 


1. Algebraic structure of the number system (2-course sequence). This is a study of the numbers 
used in elementary school—whole numbers, common fractions, decimal fractions, irrational num- 
bers. 

Emphasis should be on the basic concepts and techniques: properties of addition, multiplica- 
tion, inverses, systems of numeration, and the number line. The techniques for computation with 
numbers should be derived from the properties and structure of the number system, and some 
attention should be paid to approximation. Some elementary number theory, including prime 
numbers, properties of even and odd numbers, and some arithmetic with congruences should be 
included. 


2. Algebra. Basic ideas and structure of algebra, including equations, inequalities, positive and 
negative numbers, absolute value, graphing of truth sets of equations and inequalities, examples 
of other algebraic systems—definitely including finite ones—to emphasize the structure of algebra 
as well as simple concepts and language of sets. 


3. Intuitive foundations of geometry. A study of space, plane, and line as sets of points, con- 
sidering separation properties and simple closed curves; the triangle, rectangle, circle, sphere, and 
the other figures in the plane and space considered as sets of points with their properties developed 
intuitively; the concept of deduction and the beginning of deductive theory based on the properties 
that have been identified in the intuitive development; concepts of measurement in the plane and 
space, angle measurement, measurement of the circle, volumes of familiar solids; treatment of co- 
ordinate geometry through graphs of simple equations. 


Levels II-V 


4. Analytic geometry and calculus (3-course sequence). Approximately one-third of the sequence 
should be devoted to analytic geometry, taught either in coordination with calculus or after the 
calculus sequence. This should include the coordinate plane, functions, polar coordinates, the 
algebraic description of subsets of the plane—related to solutions of equations—and parametrically 
as the range of a function, change of coordinates, and brief treatment of conic sections. 

The sequence should also give a thorough treatment of the calculus for functions of one 
variable, with stress on the basic ideas, but with adequate attention to manipulative skills. The 
course should introduce differentiation, integration, the rational, trigonometric, and exponential 
functions, as well as a brief treatment of series and some very elementary differential equations. 


5. Abstract Algebra (2-course sequence). One course in this sequence constitutes an introduction 
to algebraic structures, such as groups, rings, fields, etc. The basic approach is to proceed from 
the concrete to the abstract. Use should be made of algebraic systems familiar to the student in 
order to motivate the abstract axioms. On the one hand, stress should be placed on rigorous alge- 
braic proofs to convince the student that geometry is not the only area for axiomatic treatment. 
On the other hand, to keep the abstract procedure tied to the student’s experience, various “con- 
crete” applications should be given for theorems. Examples should be drawn from number systems, 
geometry, and other areas. 

The other course should be devoted to linear algebra, restricted to real, finite-dimensional 
cases. This can be introduced by concrete manipulation of vectors and matrices, after which the 
student should be motivated to free himself from the accident of the choice of a basis. The student 
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should be taught the handling of vector equations and inequalities along with an intuitive introduc- 
tion to linear programming and games. A good treatment of linear functions and transformations 
is needed, including a thorough understanding of the solution of m equations in 2 unknowns. 


6. Geometry (2-course sequence). These recommendations have in general been based on the 
idea that advanced courses for teachers should be designed in such a way as to deepen understand- 
ing of the material which they will be teaching. In geometry, such a program involves special 
problems, because here some of the appropriate background material is not ordinarily thought of 
as being geometry at all, and much of it is not ordinarily taught on the undergraduate level. 

The foundations of geometry, in the sense of Hilbert, is only one among many topics. Some 
further examples are as follows: 


(1) Generalization of the idea of congruence to include rigid motions, that is, one-to-one 
correspondences preserving distances. 

(2) A corresponding generalization of the idea of similarity. 

(3) Enough measure theory to turn the familiar area and volume formulas into theorems, 
and to justify Cavalieri’s Principle. 

(4) “Pure analytic geometry,” in which points, lines, and so on are defined and treated in 
terms of a coordinate system, without the use of any synthetic postulates at all. This is 
quite different from conventional analytic geometry in which the synthetic postulates are 
used in the very construction of coordinate systems. The “purely analytic” treatment can 
be used to give a consistency proof for the synthetic postulates. 


These topics are given merely as illustrations of the sort of material that is needed. The 
choice of topics and the order of priority may require considerable study. The course might well 
take the form of a series of fairly long digressions from an outline of a high school course, with 
each advanced topic taken up at the point where it seems most relevant. 


7. Probability and statistics (2-course sequence). The purpose of this sequence is to introduce 
the student to probability theory from a set-theoretic point of view, and to apply basic probability 
theory to problems of statistical inference. 

The first course should be an introduction to random variables on a finite space. It must in- 
clude motivation, axiomatic treatment of a measure on a finite space, and the proof of a few key 
theorems. There should be numerous applications from elementary statistics, stochastic processes, 
and everyday life. 

In the second course more stress should be placed on stochastic processes, and probabilities 
on a continuous sample space should be treated. A substantial amount of time could be devoted 
to the development of principles of statistical inference. 


Note: One of the course sequences, 4 through 7, should include an introduction to the language 
of logic and sets, so that these concepts may be used wherever appropriate. This introduction 
could be restricted to a brief treatment of the propositional calculus and of Boolean algebra, stressing 
the isomorphism between the two structures. 


Electives (For Levels II-V) 
8. Introduction to real variables. 
9. Number theory, 
10. Elementary topology. 
11. History of mathematics. 


12. Numerical analysis, with the use of machines. 


— 
| 
| 


MATHEMATICAL NOTES 


EpITED By Roy Dusiscu, Fresno State College 


Because of the large number of papers on hand, consideration of new papers for this 
department has been temporarily suspended. 


THE DISTRIBUTION FUNCTION FOR EXTREME LUCK 


D. J. NEWMAN, Brown University 


A coin is tossed repeatedly and at each step the ratio of the number of ac- 
cumulated heads to tails, H/T, is recorded. Of course, the eventual value of 
this ratio is 1 (almost always) but before this value is approached, the ratio 
oscillates quite a bit and allows for a good deal of “luck,” 7.e. large values for 
H/T. Certain “proofs” of the existence of ESP are based on these large values, 
with the explanation that the eventual tapering off of H/T to 1 indicated merely 
that the subject had grown tired! 

It is our purpose to investigate the “luck content” of a random sequence of 
coin tosses, that is to discover the probability distribution function for the de- 
rived random variable Max H/T. This random variable is rational valued and 


> 1, almost always, and so the required information is contained in the following 
theorem. 


THEOREM. Let a/b>1 be a fraction in lowest terms, then 


+3 


where the p are the zeros of 2***—22°+1 which lie in | 2| <1. 


Proof. Define, for each n20, pa=Pr[HS(aT+n)/b always]. 


Now, if we restrict »=b and consider the two alternatives, first toss is a 2H 
or first toss is a JT, we obtain 


(1) Pn Pav + 4 Pate; n = b 


and, by the same reasoning, 


IIA 


H 
Pr Ee 


H 
Pr | Max — 
‘i 


(2) Pn = Osn<ob. 


Also, let us note that, by the strong law of large numbers, p,—1 as n> ~. 
If we introduce the generating function f(x) = }> 5 pax” we can state 


(3) f(x) is analytic for | «| <1 and (1 — x)f(x) 91 as x 1. 


Now form (1-+x*+*—2x*)f(x) and consider the coefficient of x". For n<a this 
is simply ~,; for aSn<a+4, the coefficient is p,—2pn-. which is 0 by (2), and 


992 


= 
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for n2a-+5, the coefficient is Pa+Pn—e-s— 2Pn—a which is 0 by (1). 
Thus we have 


(4) (1+ — 2x) f(x) = par”. 


Now 


(1 + — = (1 — x) J] (1 — px) (1 — 


where the p are the zeros of 2*t®—2z'+1 which lie in | z| <1, and the o are the 
zeros of this same polynomial which lie in | z| >i. 

Applying Rouche’s theorem to the equation z*+*+1=2z°, however, we see 
that the number of p is b. Hence the number of ¢ is a—1. 

Since f is analytic for | x| <1 by (3), we see that (4) implies that }onca Pax” 
vanishes at all the points 1/¢ and, since their number is a—1, we must have 
(5) pat” = C (1 — 

n<a 
where C is a constant. 

Combining (4) and (5) gives (1—x)f(x) Ta —px)=C and letting x1, we 
obtain, by (3), c=]](1 —p) so that (5) becomes 
(6) pax” = [J (1 p) (1 — 


n<a 


from which we read off 
H a aT 
(7) Pr | Max < = Pr E < always| = p= [[ (1 — 


and also [[(1 But since —[](—p) II(-o) =1 this gives 
= —|][(1—1/p). However, 


H a 
Pr |= < = always | = Pr [first toss is T]-po-1 = 40-1 


and so, by the above and (7), we have 
a 


(8) pr | Max = = = +4II(1--). 


b 


(7) and (8), however, are exactly what was to be proven. In the special case 
where a/b is an integer, 7.e., b=1, there is only one p and the result is 


P E ] 1 P E ] (1 )(1 
rj) Max-— 3S ri Max ——}], 
T 2p 


where p is the unique zero of z*+1—2z+1 inside |z| <1. The particular case a=2 
leads to 


n<a 
¢ 
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H 
Pr} Max— 2/= (= .381966 - ) 
T 2 
7— 35 
Pr| Max — = 2 | = ———— (=.072949---). 
T 4 


Also 
H H 
pr| Max— 3] = 4563 Pr| Max = = 3 = 03668 ---. 


Certain odd by-products are contained in this theorem. First of all it follows 
that [](1—p) >0 and I[(—p) <1 (in fact [](1—p) <3). Also] [(1—1/p) <O and 
II p| >4. Quite surprising is the fact that [ ](1—p) is discontinuous as a function 
of a/b; in fact, from our theorem 


lim [](1 — p) = 


a/b—2 2 


for a/b=2. Certain identities also follows, such as 


a/b<2 


Finally, it is not at all independently obvious that [ [(1—p) is an increasing func- 
tion of a/b, a fact which our theorem insures. 


NOTE ON THE NORMAL DEFORMATION OF A SURFACE 
Tsuan Wu T1nG, General Motors Research Laboratories 


1. Let 
(1) = u?, 2) 


represent a moving surface }-(t), where u* are the curvilinear cordinates of the 
surface >“, t denotes time and x; are allowable rectangular cartesian co- 
ordinates. Let gas, bag be the coefficients of the first and second fundamental 
forms respectively. Let v denote the unit surface normal and G denote the surface 
velocity in the direction of unit normal v. In studying surfaces of discontinuity 
in continuum mechanics, Thomas [1] established a formula for the 6 time 
derivative of surface normal v, namely 


(2) 
31 
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He also observed that this formula should be derivable by purely geometric 
considerations in view of the expressions on the right hand side of (2). Using 
the same notation as he used, and the definition for 6 time derivative as defined 
in his paper, this note presents a simple derivation of (2) and establishes the 
formulas for the 6 time derivative for gag and bas. 

The author thanks the referee for pointing out that the three formulas de- 
rived in this note are special cases of the general equations of the deformation 
theory for V, in V, ((2], [3], [4]), where V denotes a Riemannian manifold. 
However, the elementary derivations of the present formulas do not require the 
heavy machinery of the general deformation theory and perhaps will help in the 
understanding of the general theory. 


2. Derivation of the formula (2). It is assumed that the +; given by (1) are 
twice continuously differentiable with respect to time ¢. Furthermore the differ- 
entiability of x; with respect to u* will be assumed according to necessity. Let 
5t>0 be sufficiently small, then for any fixed time ¢, the moving surface }>(¢+6t) 
at time ¢+6¢ can be represented by 


(3) = + + O(8t)?. 
Differentiating this equation partially with respect to u*, we have 


Let #; denote the unit surface normal of >>(t+6#) at #;. Multiplying (4) by # 
and summing on the index 7, we obtain 


+ (Gavi + Gvi,a)5t + O(8t)?} 0. 


Also ViXiva =(), 
Subtracting the last equation from the preceding one, dividing the resulting 

equation by 4t and letting 5¢ approach zero, we find 


li “ao li O(6t ’ 


in view of the fact that limg:.o #;=»; and v;,2=0. By definition of 5 time deriva- 
tive, we can write (5) as 


(6) bre =- 
bt 
It is known [5] that 


Multiplying both sides of (6) by g*°x; and summing on the index a, we obtain 
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by; 


Making use of (7), we can write this equation as 


bv; 
(5:55 — = — 
That is 
by; 
bt 


3. The 6 time derivative of gag and bas. Parallel to what has been done in 
Section 2, we can readily derive the formulas for 6 time derivatives of g.s and 
bas as follows: 

Changing a@ to 8 in (4), we have 
(8) = Xia + (Gavi + Gri,g)6t + O(6t)?. 


Multiplying the corresponding sides of (4) and (8) and summing on the repeated 
index 7, we obtain 


= + + + O(6t)?. 


By definition of 5g.s/5t, it follows that 


lim 


ét ét 
lim + + O(5t)} 
= + = — 2dasG, 
where we use bag = —X;,aVi,p- 


For simplicity, we denote 07x;/du°du® by 0°?G/du%du® by and 
0*v,/du*du® by v;,a8. Now differentiating (4) partially with respect to u°, we get 


= Xi,ap + + + G,pvi,a + Gvi,as)dt + O(5t)?. 
Multiplying both sides of this equation by #; and summing on 7, we find 


Since bag =%;i,as¥i, We Can write 


5bas ‘ ap); — Xi,apvi 
lim 
bt 31-0 ét 


— apdi) + (Xi,ap0i — 


= lim 


51-10 bt 


— 
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ashi — Xi 5; 


Using the relation (9), the last equation can be written as 
by; 


bbe 
lim {9:(G + Gavig + + Gri,as) + O(5t)} + 


bt 


Finally we note that the 6 time differentiation satisfies the usual rules, so 
we can readily find an expression for 5g**/dt by differentiating gg,,=68 and 
6Q/é5t by differentiating g%°b.3=, where Q is called mean curvature of surface. 
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TWO REMARKS ON THE REGULAR REPRESENTATIONS OF AN ALGEBRA 
R. C. Buck, Institute for Defense Analyses 


The note by A. J. Goldman [1] illustrates very well the essential disad- 
vantage of too great adherence to the “basis” point of view in elementary alge- 
bra. The nonbasis approach (e.g. as in [2] p. 82) can be considerably clearer. If 
A is an algebra over k (which need not be finite dimensional) and @ is the left 
regular representation of A in the full algebra 2(A) of all linear transformations 
on the vector space (A, +) which sends an element a€A into @(a) = Uz, the 
transformation defined by U,(x)=ax, then it is at once apparent that @ is a 
homomorphism of A onto a subalgebra A C&(A). Its kernel is then the ideal 
JCA consisting of those elements a for which U,=0. Clearly, U.=0 if and 
only if ax=0 for all x€A; hence, @ is faithful [an isomorphism] if and only if 
annih[A ]= {0}, the result obtained by Goldman. 

A related question is that of giving an algebraic characterization for the 
image A within the full transformation algebra 2(A). It is clear that each of the 
operators U, obeys the special identity: 


(*) T(xy) = T(x)y all x, y in A. 


Moreover, the collection of all T that obey (*) forms a subalgebra % of 2(A). 
Since & contains the identity operator J and A is a left ideal in , it is at once 
clear that A coincides with & if and only if A contains J, and that this in turn 
is equivalent to A having some element that acts as a left unit. Of course, if 
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A has a two sided unit, then annih[A ]= {0} and A is isomorphic to A and hence 
to %. However, A can have a left unit, and still have annih[A |# {o} . When this 
happens, the right regular representation of A in %(A) will be faithful, although 
the left is not. An example is: 


A ith Ck 
=a with x,yCk. 
0 0 4 


When is the algebra & properly larger than A? If, for example, A is a left 
ideal in some algebra B, and b is any element of B, then T(x) = bx defines a linear 
transformation on A which obeys the identity (*) but which need not arise as 
a multiplication operator U, for some aC A. It is natural to ask if this is typical. 


THEOREM. Given any algebra A with its associated algebra A, it is always 
possible to embed A as a left ideal in some algebra B so that every transformation 
T on A which obeys (*) arises by multiplication by an element of B. 


Proof. When @ is faithful, A is isomorphic to A and B can be chosen as A 
itself. In the general case, a less pleasing solution can be obtained as follows. 
Let B consist of all finite sums of the form 7 9+a,7,+ --- +a,7, where the 
a;€A and T;E XY. This defines addition in B. We define multiplication in B by: 


(To) (aT) = To(a)T (aT) (To) = aTT» (a,7})(a2T 2) = 


It is easily seen that, because of (*), this is in fact an associative operation. B 
thus becomes an algebra; we embed A in B by identifying a with aJ. A isthen 
a left ideal in B, and any operator T on A that obeys (*) arises by multiplication 
by some element of B, namely T itself. (It would be interesting to have a more 
useful construction of a smaller and more tractable B.) 
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NOTE ON A DIRECT LIMIT GROUP 


D. Auburn University 


Associated naturally with a group G and an endomorphism f of G is the 
limit group of the constant direct sequence 


We denote this group by (G, f) and describe it for completeness. The elements 
of (G, f) are the indexed sequences of the form (g:1,---, ga,°°-*); where 
G29, and gayi=f(gn) for all m. Two elements x=(gi, +--+, and 
are equal in (G, f) if and only if for some 
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(and consequently all but a finite number of) m. Multiplication in (G, f) is de- 
fined by 


where = 

In this note we establish a strong relationship between G and (G, f) if G 
satisfies certain finiteness conditions. An example is given which indicates that 
without these finiteness conditions imposed on G the group (G, f) may be very 
loosely related to G. Finally, the groups (G, f) are described, where G is a finitely 
generated abelian group and f ranges over a wide class of endomorphisms of G. 

Defining G{=G and inductively defining G/,,=f(G), we have 


THEOREM 1. If there exists an integer m such that Gi,,,=Gj, then (G, f) is a 
homomor phic image of G. 


Proof. Clearly, the mapping / of G into (G, f), defined by g—>(g, f(g), f?(g), - + -)e 
is a homomorphism. In order to show that h is onto, let x= (gi, - Zn, )y 
be an arbitrary element of (G, f). The relation G/,=G/,,, implies that G,=G/,,,. 
From the definition of the Gj, we have f(G) =G{,;. Obviously, gn€GJ,. Thus 


m+j—1 


&m = f (G), 


which implies that there exists g@G such that f"+/-1(g) =g,,. It follows that 
h(g) =x, and the theorem is proved. 


CoroLiary. If G satisfies the minimal condition for subgroups, then (G, f) 
is homomor phic image of G. 


THEOREM 2. If G satisfies the minimal condition for subgroups and the maximal 
condition for normal subgroups (in particular, if G is finite), then (G, f) is a sub- 
group of G. 


Proof. From the proof of Theorem 1, h is a homomorphism of G onto (G, f). 
But x is in the kernel of / if and only if there exists an integer 7 such that fi(x) =e 
(the identity of G), that is, if and only if x is in the kernel of f‘ for some 7. Let- 
ting K; denote the kernel of f‘, the kernel of h is Ui, K;. Since K;C Ki41, by the 
maximal condition U., K;=K, for some m. Thus (using equality in the sense of 
isomorphism) we have (G, f)=G/K,=f"(G), a subgroup of G. 


THEOREM 3. If G is abelian and satisfies the hypothesis of Theorem 2, then 
(G, f) is a direct summand of G. 


Proof. Using the notation of the previous theorem, there exists an integer m 
such that f"(G) =f?"(G) and Kn = Km41. Since f"(G)VKn=0, there is 
a subgroup H of G defined by H=f"(G) 6K. If gEG, there exists g’GG such 
that f?"(g’) =f"(g). Let g=f(g’) +x. Then f(x) =0, which implies that 
and that H=G. But (G, f) =G/K,»=f"(G), a direct summand of G. 
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The following example shows that the above theorems do not hold in general 
(even if G satisfies the maximal condition for subgroups). 


Example. lf G={g} is the infinite cyclic group and if f is a nontrivial endo- 
morphism of G defined by f(g) =mg, then (G, f) is the m-adic fractions, that is, 
the additive group of fractions of the form 7/n’, where 721 and 7 is arbitrary. 
The isomorphism involved is: 1/ni—(ig, mig, nig, - + + )j-1. 


DEFINITION. An endomorphism f of the free abelian group F, of rank r is regu- 
lar if there exist a basis g- and integers m,---, such that f"(g;) 
=nig; (t=1, 2,---+, 7) for some positive integer n. And an endomorphism f of a 
finitely generated abelian group G=T@F, where T is the torsion part of G, 1s 
regular if the summand F of G can be chosen such that f induces a regular endomor- 
phism of F. 


Using the above example we now prove 


THEOREM 4. Let G=T OF, be a finitely generated abelian group, where T is the 
torsion part of G and F, is the free abelian group of rank r. There exists a regular 
endomorphism f of G such that (G, f)=G if and only if G=TOF, where T is a 
direct summand of T and F is the (abstract) direct sum of not more than r groups of 
n-adic fractions for various integers n. 


Proof. In view of the above example and the general fact that the direct 
product (Gi, f1) ® (Ge, fe) is the same as (G:@Gz, fi @f2) the “if” part of the theo- 
rem is obvious. In order to prove the “only if” part, let f be a regular endomor- 
phism of G. Then f induces an endomorphism of T which we will again denote 
by f. It is immediate that T=(T, f) is the torsion part of (G, f). By Theorem 3, 
T is a direct summand of T. Since T is finite, we know* that T is a direct sum- 
mand of (G, f). Letting (G, f)=7T@F, by the natural identification, we obtain 
F = (G’, f’), where G’=G/T and f’ is the regular endomorphism of G’, defined by: 
(g+T) =f(g) +T. Now letting G’= {gi} {go} --- and = megs, 
we have that the kernel K’ of f’" is generated by those elements g; for which 
n,=0. Thus if the subgroup H’ is generated by those elements g; for which 
n;~0, then we have that G’=K’@H’. But in general it can be shown that 
(G, f)=(G, f*) for any positive integer n. Therefore F=(G’, f’)=(G’, f’) 
=(H’, f’"), and it follows (from the above example) that F is the (abstract) 
direct sum of the n,-adic fractions for those i for which ;0. 


ON THE FINAL DIGITS OF SQUARES 
WALTER PENNEy, Department of Defense, Washington, D. C. 
If m digits are chosen at random, there is a certain probability, P(m), that 


they are the final digits of a perfect square. One might ask, “Can P(m) be 
made as small as we please by taking m sufficiently large?” This seems plausible, 


* See, for example, A. Kurosh, Theory of Groups, Vol. 1, New York, 1955, p. 202. 
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especially when a little calculation shows that there are six possible single digits 
but only 22 possible two-digit numbers with which squares may end, so that the 
addition of a single digit has reduced the probability from .6 to .22. However it 
can easily be shown that regardless of the size of , P(m) is always greater than 
a certain constant. 

The following theorems will be used: 


1. If R(x) represents the number of different remainders when squares are 
divided by x, R(a-b) = R(a)- R(b) for a and b relatively prime. 


2. If p 1s an odd prime, 


pt+2 
pet 2p +2 for even, 
R(p") = 41 
for n odd. 
2p+2 
4 
— for even, 
2-1 3 
3. R(2*) = 5 
for n odd. 
3 


Proofs of these may be found in [1]. 

Since the last k digits of squares in the decimal notation are merely the re- 
mainders when the squares are divided by 10, we have only to calculate R(2") 
and R(5") and the required number of remainders will be found from Theorem 1. 
R(2") = 42"-!+4 for n even, and is equal to 32"-!+ for m odd. R(5*) =7,5"*! 
+ 3 for n even, and is equal to 735"*!+4; for 2 odd. Therefore 


5 5 7 28 
for n even, 


72 9 

R(10*) = 


Thus the probability that an m-digit number selected at random is a possible 
ending of a square is 


a BFP 9 


5 25 1 13 2 55 1 
—+-— -- for n odd. 
72 36 2° 72 5 36 10" 


1 


for n even, 
10” 


In either case P(n) approaches 5/72 = .0694 as m increases. 
A short table of values of R(10") and P(m) follows. 
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n R(10") P(n) 
1 6 - 60000 
2 22 . 22000 
3 159 . 15900 
4 1044 . 10440 
5 9121 .09121 
6 78132 .07813 
7 748719 .07487 
8 7161484 .07161 
9 70800861 .07080 

10 699869892 .06999 


It is evident that the same approach can be used if numerals are written to 
a base m other than 10; the limiting probability, P(«), can be expressed simply 
in terms of the primes that divide m. If m is divisible by, at most, r distinct 
primes, then = with equality only when m=6. 


Reference 


1. R. C. Buck, The measure theoretic approach to density, Amer. Jour. Math. vol. 68, 1946, 
p. 563. 


THE ISOPERIMETRIC PROBLEM IN THE MINKOWSKI PLANE 
G. D. CHAKERIAN, University of California, Berkeley 
Let U be a strictly convex centrally symmetric closed curve bounding an 
area of 7 square units and with center at the origin in the euclidean plane. If 
P and Q are two points in the plane, we denote by | PQ - the euclidean distance 
between P and Q. Let 2r be the length of the diameter of U parallel to the line 
PQ. Then the minkowskian distance | PQ| between P and Q is defined as: 


| 


Tr 


|\PQ| = 


It is easily verified that this defines a metric. The geometry obtained using 
this metric is called minkowskian geometry. See [1]. 

The curve U serves as the unit circle in this new geometry, and we denote 
by rU and call “a circle of radius r”, any translate of a homothecy of U by the 
factor r. 

It turns out that the “circle” is not in general a solution to the minkowskian 
isoperimetric problem; 7.e., among all closed curves of the same minkowskian 
perimeter, to find that enclosing the greatest area. It is well known that the 
solution to this problem is a curve homothetic to the “isoperimetrix” 7, which 
is defined as follows: Let r=r(@) be the polar equation of U. Then the isoperi- 
metrix T is the closed convex curve with support function p(@)=1/r(@+ 47). 
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(In other words, T is the polar reciprocal of U, with respect to the euclidean 
unit circle, rotated through 90°.) 

Consider for a moment a convex u-gon K in the euclidean plane. Let K* be 
the n-gon which is circumscribed about the unit circle and whose sides are re- 
spectively parallel to the sides of K. Let L=perimeter of K, F=area enclosed 
by K, f=area enclosed by K*. Then we have Lhuilier’s inequality: 


L? — 4fF 2 0. 


A proof of this is given in [2], page 10. We show how that proof generalizes, 
virtually without change, to give the following. 


THEOREM. Let K be a convex n-gon in the minkowskian plane with unit circle 
U. Let K* be the n-gon which is circumscribed about the isoperimetrix T and whose 
sides are respectively parallel to the sides of K. Let L=minkowskian perimeter of — 
K, F=area of K, f=area of K*, and r=radius of the largest anti-circle (defined 
below) contained in K. Then 
LI? — 4fF > 0 


with equality holding if and only if K is circumscribed about an anti-circle of 
radius 


Proof. We denote by sT and call “an anti-circle of radius s” any translate 
of a homothecy of T by the factor s. 

We define now “the inner parallel polygon K, to K at distance s.” If b and c 
are two edges of K meeting in vertex A, then we may consider b and ¢ as two 
support lines of an anti-circle of radius s: simply translate sT until it “fits” into 
the corner at A. Let A’ be the center of this anti-circle sT. A’ will be a vertex 
of a new polygon K, whose other vertices are obtained by performing the same 
construction at the other vertices of K, using the same s. If we take s small 
enough, K, will be a convex polygon inside and “parallel” to K and having the 
same number of sides as K. Let us call the ray AA’ the “bisector” of the vertex 
A. Now let s increase steadily. At some stage, corresponding to a “critical” value 
So of s, a pair of bisectors will meet. When this happens we obtain an inner 
parallel polygon K,, with fewer sides than K. We now use this polygon in place 
of K, building successive inner parallel polygons until another degeneracy 
occurs. This process continues until we are left with a point or a segment. We 
label the inner parallel polygons in the obvious fashion, letting Ko=K, and 
K,=the final point or segment. K, is in fact the locus of the centers of the largest 
anti-circles contained in K. 

Let 0S5s2<s1Sr and let s=s,—s_ be small enough so that K,, and K,, have 
the same number of sides. Let F;=area enclosed by K,,, L;=minkowskian 
perimeter of K,,, f;=area enclosed by K¥., r;=radius of largest anti-circle con- 
tained in K,, for i=1, 2. One sees easily, keeping in mind the definition of sT, 
that: 


F, = Fi + Lis + fis’, Le = + 2fis, re=nrnts, fo=hfi. 
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Therefore: 
2 2 
Lor. — Fo — fore = — Fi — fin. 


Hence if we let F,, L., 7., and f, be the area, length, and so forth corresponding 
to K,, we see that L.r,—F,—f,r? is constant between the “critical” values of s, 
where the only change is that f, increases, since the number of sides of K, de- 
creases. Thus L,r,—F,—f,r? is a decreasing function of s, 0<sr, which is 
equal to Lr—F—fr? for s=0 and is equal to 0 for s=r. Hence Lr—F—fr*?20. 
This implies: L?—4fF24f?(L/2f—r)?20. 

In case of equality L = 2fr, and one concludes easily that K is circumscribed 
about an anti-circle of radius r. 


References 


1. C. M. Petty, On the Geometrie of the Minkowski plane, Riv. Mat., vol. 6, 1955, pp. 269- 
292. 


2. L. Fejes Téth, Lagerungen in der Ebene, auf der Kugel und im Raum, Springer, 1953. 
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A SIMPLE PROOF OF A THEOREM CONCERNING REFLEXIVITY 


SEYMOUR GOLDBERG, New Mexico State University 


It is the purpose of this note to give a very simple proof of the following 
theorem: 


THEOREM. Let X be a Banach space and let its conjugate space X’ be reflexive. 
Then X is reflexive. 


The proof makes use only of a corollary of the Hahn-Banach extension 
theorem. 

Proof of the theorem. Let J be the canonical mapping of X into its second 
conjugate space X’’, Since X is complete and J is a linear homeomorphism, 
JX is a closed subspace of X’’. Suppose the theorem is false, t.e. JX #X"’. Then 
there exist elements x’” in X’” and x” in X” such that x’’’(JX) =0 and x’’’(x"’) 
#0. Since X’ is reflexive, there exists an x’ in X’ such that Jx’=x’” and 
(JX) =JX(x’) =x'X. Hence x’=0. But 04x’ (x"’) =x’’(x’) which leads 
to a contradiction. 
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EXTENDED LAWS OF THE MEAN 


Louts C. BARRETT AND RICHARD A. JACcoBSON, South Dakota School 
of Mines and Technology 


The usual proofs of the first and extended mean value theorems involve the 
process of applying Rolle’s theorem to functions happily designed to yield the 
desired conclusions. Frequently, no mention is made of how these functions are 
discovered. Indeed, except in isolated instances [1], it is customary to introduce 
the determinants thus employed without comment. In this note we illustrate 
how these determinants may be motivated quite naturally through geometrical 
reasoning applied to areas of parallelograms and to volumes of parallelopipeds. 

We begin with the extended mean value theorem: 


THEOREM 1. Jf x(t) and y(t) are continuous on aSt3b, and differentiable on 
a<t<b, then there exists at least one value T such that a<T <b and 


(1) x'(T)[y(b) — y(a)] = y'(T)[x() — x(a)]. 


A determinant, which upon the application of Rolle’s theorem leads to equa- 
tion (1), comes to our attention in connection with the observation that if x(¢) 
and y(t) satisfy the hypotheses of Theorem 1, then the area A(¢) of parallelo- 
gram PQRS (Fig. 1), is a function that satisfies Rolle’s theorem. For, when the 


y(t) 


x(t) 


Fic. 1 


variable vertex P: [x(t), y(t)] coincides with either of the fixed vertices 
Q: [x(a), y(a)] or S: [x(d), y(b)], A(t) is zero. Moreover, A(#) is continuous on 
a<t<b and differentiable on a<i<b. But, from analytic geometry, 


x(a) y(a) 1 
(2) + A(t) =| x(b) y(b) 1 
x(t) y@) 1 


Upon applying Rolle’s theorem to this determinant, (1) follows at once. When 


/ 
QZ 
/ 
S 

/ 
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x(t) is replaced by t, Theorem 1 reduces to the familiar law of the mean. 
A more general theorem of the mean, including Theorem 1 as a special case, is 


THEOREM 2. If x(t), y(t), and 2(t) are continuous on a StSb and differentiable 
on a<t<b, then there exists at least one value T such thata<T<b and 


x(a) [y(b)2’(T) — 2(b)y’(T)] + 2(a)[x(b)y’(T) — y(0)2’(T)] 
= y(a)[x(b)z'(T) — 2(6)x'(7)]. 


The functions x(t), y(¢), and 2(¢) in this theorem may be thought of as para- 
metric representations of acurve C in space having the points M: [x(a), y(a), 2(a) | 
and N: [x(b), y(b), 2(b)] as fixed points and P: [x(#), y(#), 2(t)] as a variable 
point (Fig. 2). These three points determine, in turn, the constant vectors A and 
B and the variable vector U, all emanating from a common point 0. Let V(#) 


Tangent Line _ 


\ 
IN 
- \ 
} 
/ 
Fic. 2 Fic. 3 


denote the volume of the parallelopiped having these three vectors as concur- 
rent edges. When U coincides with either A or B, i.e. when t=a or t=b, V(t) 
vanishes. Furthermore, if x(t), y(t), and 2(¢) fulfill the hypotheses of Theorem 2, 
then V(t) is continuous on aStSb and differentiable on a<t<b and, therefore, 
satisfies Rolle’s theorem. 


But, V(t) is given by the scalar triple product (also called the triple scalar 
product) 


x(a) y(a) 2(a) 
(4) +V(t)=AXB-U=| x(b) y(d) 2(d) 
x(t) y(t) 


This determinant may now be utilized to establish Theorem 2 in the usual way. 

A well-known geometrical interpretation of Theorem 1 is that there exists 
at least one point on the curve C (Fig. 1) between Q and S at which the tangent 
to the curve is parallel to the secant line QS. 


| 
zt) 
| | 
/ 
/x(t) 
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In order to interpret Theorem 2 geometrically, we differentiate (4) and apply 
Rolle’s theorem to obtain 


(5) AX B-U'(T) = 0, a<T<b 


which, as is readily verified by expanding, is simply (3) written in vector 
form. The vector U’(T) lies along the tangent to C ata point S: [x(T), y(T), 2(T) | 
distinct from M and N (Fig. 3), and is perpendicular to the vector AXB. But, 
AXB is perpendicular, in turn, to both A and B. Consequently, U’(7) must, in 
general, be parallel to the plane of A and B. In fact, by applying a similar 
analysis to the vectors A—K, B—K, and U—K, where K is an arbitrary con- 
stant vector, it can be shown that corresponding to any plane through the points 
M and N there is at least one point on C, distinct from M and N, where the 
tangent line to C is parallel to the given plane. 

These observations reveal that even more general laws of the mean are gener- 
ated when Rolle’s theorem is applied to determinants of higher order than three, 
and that these determinants may be readily motivated by an analysis of the 
content of parallelotopes in -dimensions. 


Reference 
1. R. C. Yates, The law of the mean, this MONTHLY, vol. 66, 1959, pp. 583-584. 


A SIMPLE PROOF OF THE ARITHMETIC MEAN, GEOMETRIC MEAN 
INEQUALITY 


P. H. D1ananpA, University of Malaya in Singapore 
The inequality in question is 
ats 


n 


(1) A, 


Il 


= (ay a,) = 


where the qa; are all positive. This is true for »=2. Assume its truth for »=m. 
Then An Also 


+ 1 An m— 
m 
Hence 
An+A 1/2 1/2 m+1 m—1 1/2m 
Ami = (AmA) 2 = (Gm41Am+1) 


and so Am412Gm41. The inequality (1) follows by induction. 
This proof, which is a modification of the celebrated Cauchy proof, may not 
be new; but I have not come across it anywhere. 
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AN UNDERGRADUATE APPROACH TO A BOUNDARY VALUE PROBLEM 
R. T. SEELEY, Harvey Mudd College 


It is unfortunate that advanced calculus texts usually treat boundary value 
problems in partial differential equations either superficially or not at all. Cur- 
rent activity in the field demonstrates that these problems are ideally suited to 
study with a variety of tools. The fact that they present, in situations of physi- 
cal interest, applications of the techniques usually developed in a good course in 
advanced calculus suggests that a treatment more adequate than the usual one 
would be very appropriate to the immediate goals of the course. It would also 
give an inkling of one of the currently active fields of research. 

As a specific illustration, consider the (vaguely defined) heat problem, of 
discovering a function u(x, t) defined for O0Sx 2m and t20, with u(x, 0) =f(x) 
(a prescribed function), u(0, t)=u(2m, t), and 0%u/dx?=du/dt; this gives the 
heat distribution in an insulated ring. The methods used in analyzing this will 
involve a few standard facts about infinite series, differentiation under the 
integral, Schwarz’ inequality, Parseval’s equality for Fourier series, a simple 
criterion for the absolute convergence of such series, and Minkowski’s (triangle) 
inequality for p=2; the integral implied in these can be that of Riemann or 
Lebesgue. 

A reasonable first step would be to develop the usual series solution in terms 
of the (complex) Fourier coefficients c; of f, 


motivated, perhaps, as a sum of product solutions X (x) T(t). The interesting part 
so often neglected is the study of this function, partly to find out in what sense 
it solves the original problem. The rest of the article concerns itself with proper- 
ties of u(x, under the assumption that < 

The solution given by (I) satisfies 


(1) lim u(x, t) — f(x) = 0; 


this shows in what sense u(x, 0) =f(x). For the proof, 
Qn 
0 


The fact that this sum converges to zero as t—0 can be shown directly, or by 
appeal to some convergence theorem. 


(2) When t>0, u(x, t) is continuous, periodic in x, has continuous deriva- 
tives of all orders, and 0*u/dx? =0u/dt; for the series in (1) can be differentiated 
indefinitely term-by-term, when t>0. The fact that the equation is not neces- 
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sarily satisfied at t=0 is not surprising, since it is not known if f is even differ- 
entiable. 


(3) There is only one solution with properties (1) and (2); in fact, not all 
the properties in (2) will be used in the proof of uniqueness. This proof is based 
on the intuitive feeling that the temperature in the whole ring, as given by some 
convenient measure, should steadily level off. To give it concisely, let u and v 
be solutions satisfying conditions (1) and (2), and w=u—v. Then 


as t—0; thus w satisfies conditions (1) and (2) with initial value 0. Then for t>0 
Df t)dx = 2f wow/didx = 2f wd?w/dx*dx= -2f (dw/dx)*dx 
0 0 0 0 


So as ¢ decreases to 0, fw? “increases” to zero; since it is nonnegative, of course 
it is always zero. 


(4) This method can be extended to show the (intuitively more appealing) 
fact that M(t) = maxogzesor | u(x, t)| is a nonincreasing function of ¢, for t>0, 
by means of the following well-known lemma, phrased for Riemann integration. 


Lema. If g is a continuous function on a finite interval [a, b|, then 


b 1/p 
max | g(x)| = lim (f | s|*) R 


With this we have M(t) =limn..[/2"u(x, but [2"u(x, t)2"dx is 
a nonincreasing function of ¢, since 


Qe 2r 
Df u(x, t)**dx an f 
0 


— 2n(2n — » f = 0. 


Since M(t) is the limit of a sequence of nonincreasing functions of t, M(t) is itself 
nonincreasing. 


(5) The (unique) solution (x, #) is given by a kernel 


K(x, y, = (1/27) (t > 0), 


through the formula 


u(x,t)= K(x, y, df(y)dy. 


0 
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This is merely a restatement of (I), involving term-by-term integration. 
K(x, x, t) > © as t-0. When ¢t>0, K(x, y, t) has derivatives of all orders in x, y, 
and t, and 0?K/dx?=0K/dt=0°K/dy*. [o"K(x, y, t)dx=Jo"K(x, y, t)dy=1. 
K(x, y, can also be written L(x —y, t) = (1/27) exp {ik(x—y) 


(6) If f(x) is the integral of a function f’ (i.e. f(x) =f(0) + Jof’(y)dy), f(27) 
=f(0), and then f,(x)=«(x, converges uniformly to f as 
t—0. Certainly f(0)=f(27) and f(x) continuous are necessary conditions for 
uniform convergence to the initial value. The question whether these are suffi- 
cient is apparently more difficult than the one proposed here. To prove assertion 
(6), we show that if u(x, ¢) solves the heat problem with initial value f, then 
uz=0u/Ox solves it with initial value f’; for 


So as t0. Then 
u(x,t) — f(x) = f “[uels, t) — f’(y)|dy + u(O, t) — f(0). 


Since converges absolutely to f, and u(0, #)—f(0) 
= >> lexp(—k*t) —1]c, converges to 0 as t0. For the other term, 


(7) The kernel K(x, y, #) is nonnegative. Suppose, on the contrary, that 
Ks —e<0Oforsome xo, to, and all | y—yol <6. Pick with 7 <6,0<9 <2¢€6/(e+N), 
where N= max, | K(xo, 9, to)|. Then define f of period 2m so that f(y) = —1 when 
| -y—+yo| <5—n, f increases linearly from —1 to 1 in [yo+5—n, yo+S], f=1 in 
[yo+5, yot2xr—5], and f decreases linearly from 1 to —1 in 


[yo + 24 — 6, yo + —5+ 9). 


Then f satisfies the conditions in number (6), and if u(x, #) is the corresponding 
solution of the heat problem, M(t) =sup. | 20 (x, t)| is continuous at t=0, hence 
(by (4)) a nonincreasing function for £20; this implies M(t) S$ M(0) =1. But if 
E is any interval of length 27 containing | y—yo| <6 in its interior, 


te) = = f K(x0, 9, to)dy 
E 


+ — K(xo, y, to)dy + K(xo, y, to)f(y)dy. 


| 
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Since [K=1, while KS—e in |y—yo| <6, the first integral on the right is 
2=1+2¢5; since f= —1 in | y—yo| and K S —e there, the second is > 
since | f| S 1 and | K| < N, the third is 2 — 2Ny. Thus u(xo, to.) = 1+266 
+2¢€(56—7) —2nN, which by the choice of 7 is >1. This contradicts M(t) $1. 
Thus the positivity of a kernel for which {K =1 is closely related to the non- 
increasing nature of M(t). This is illustrated further in the proof of the following 


property. 


(8) If f is bounded, M(?#) is nonincreasing for t20. By virtue of (4), it is 
only necessary to show that M(t) S M(0) =sup | f| ; but since K is positive and 
SK=1, | u(x, )| )|f(y)|dy M(0). 


2r 
(9) Fors > 0, t> 0, f K(x, y, )K(y, 2, s)\dy = K(x, 5); 


0 


this can be verified by using the series for K. It shows that the operators K;, 
(Kif (x) = {37K (x, y, )f(y)dy), form a semi-group. This may be far afield in some 
cases, but affords a handy way to introduce semi-groups and show their relation 


to Huygens principle. Property (1) shows that Kyo should be taken as the identity 
operator. 


A PROPERTY OF THE BERNOULLI NUMBERS 


L. Caruitz, Duke University 
The Bernoulli numbers may be defined by the symbolic relation 
(B+ 1)" — B* =0 (n> 1), By = 1, 


where after expansion the exponents are replaced by subscripts. By the Staudt- 
Clausen theorem, the denominator of B2, contains the prime 2 to the first power. 
It is proved in [1] that 


2Bon = 4n + 1 (mod 8) (nm = 2). 


This result is due to Staudt. It is perhaps of interest in this connection to note 
that 


(1) 2Bon = 4n + 1 (mod 16) (n > 2), 


a result due to Frobenius [2, p. 818]. 
To prove (1) we employ the Bernoulli polynomial of degree n 


r=0 


and the relations [3, pp. 18, 21] 
B,(x + 1) — B,(x) = nx™, B,(1) =0 (m2 1). 
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It follows that 
Bongi(2) = Bonyi(l) + +1) =2n4+1 (n21). 
Then 


2n+1 
dn + 1 = (n+ + ( ) + 


so that 


2 1 2 1 
(2n + 1)(1 — = ( ) +( 


for n>2. This evidently implies 
1 — 2Bo, = 4n(2n — 1)2°Bo,-2 (mod 16). 
Since 
2Bo, = 1 (mod 4) (n = 2), 


it follows that 


bo 

Il 


2 4(2n? — n) = — 4n (mod 16), 


so that we have proved (1). 
Since B,= —1/30, (1) does not hold for »=2. 
We remark that with a little more trouble one can prove [2, p. 821]. 


Bon = 1 — 12n (mod 32) (n > 2) 


and indeed more. 
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THE PRINCIPAL VALUES OF arcsec x AND arccsc x 
ARTHUR B. Brown, Queens College 


The principal value of arcsec x for x<—1 is defined to be in the second 
quadrant in some texts and in the third quadrant in others. The superiority of 
the choice of the third quadrant is indicated by the theorem and corollary be- 
low. 

As pointed out recently by C. O. Oakley [1], the evaluation (1/a) arccos (a/x) 
given in most integral tables for the integral on the left in (3) is incorrect for 
x < —a; and thus it is only with the third-quadrant choice of arcsec x for x << —1 
that a correct evaluation without a “plus-or-minus” sign is obtained. 


| 
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Note: The statement that y is in a certain quadrant will imply that for some 
fixed integer n, <y<3(n-+1)z. 
THEOREM. The relation 
1 
xv (a? 1) 


is valid for x < —1 if and only if arcsec x is chosen in the third quadrant, and is valid 
for x>1 1f and only if arcsec x 1s chosen in the first quadrant. 


1 = 
(1) ra (arcsec x) = 


Proof. With |x| >1, for any determination of y=arcsec x we have cos y 
=1/x, so that 


5(y) 
dx «xsiny | «| — 1) 


2 = 
(2) qe (arcsec x) = 


where 6(y) = —1 if and only if sin y<0, 5(y) =1 if and only if sin y>0. 

Ifx<—1, | x| = —x and we see from (2) that if (1) is valid, then 6(y) = —1. 
Hence sin y<0, and, since cos y=1/x <0, y is in the third quadrant. The con- 
verse is proved in like manner. 

If x>1, a similar argument shows that (1) holds if and only if y is in the first 
quadrant. Hence the theorem is true. 

A similar theorem holds for arccsc x, again involving the first and third 
quadrants. 


COROLLARY. The relation 


dx 1 x 
(3) f — a) = arcsec (=) + a> 0, 


is valid for x < —a tf and only if arcsec(x/a) is chosen in the third quadrant, and 
is valid for x>a if and only if arcsec(x/a) is chosen in the first quadrant. 


Relation (3), which appears in many tables of integrals and in some calculus 
texts, becomes incorrect if arcsec(x/a) is taken in the second quadrant or in the 
fourth quadrant. 

There is no question as to continuity when passing from negative to positive 
values of x, since the integrand is not real for -—a<x <a. 


Reference 


1, C. O. Oakley, Reviews of three mathematical tables, this MONTHLY, vol. 66, 1959, p. 605. 
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A PROBLEM ON ESCAPE VELOCITY 
JoHN DyYER-BENNET,* Purdue University 


A problem to be found in nearly every text on elementary differential equa- 
tions was recently the subject of an interesting discussion in one of my classes. 
In the brief account which follows I omit all references to units, in order to save 
space. 

The problem may be stated as follows: The earth attracts a mass m at a 
distance r from its center with a force proportional to m/r*. At a distance of 
4,000 miles from the center the force is 32m. With what velocity must a projec- 
tile be fired (vertically) to escape the pull of gravity? (Neglect centrifugal effects 
and friction.) 

I started by asking what the problem meant. The first reaction was that it 
meant what it said. I pointed out that the law of attraction we were assuming 
implied that nothing in space was free of the earth’s pull. The next suggestion 
was that the projectile must travel far enough so that the attraction of some 
other celestial body became greater than that of the earth. I observed that if 
this were to be the interpretation, we would have to make specific assumptions 
as to what bodies were where, and how they were moving. This would go far 
beyond the original statement of the problem, and would almost certainly lead 
to a problem we could do nothing with. Then it was suggested that the projectile 
must reach any assigned distance from the earth. I asked whether the problem 
might not mean simply that the projectile must not return to earth, and was 
told that this was the same thing. No proof was offered. 

We then turned our attention to the differential equation involved, which is 
of the form 


where k <0. By the usual method this may be replaced by a first-order equation 
involving v and 7, where v is the velocity. In this equation the variables are 
separable, and the solution is of the form 


v= A/r+ B, 


where 2% is the initial velocity and A and B are positive constants. Their values 
do not matter here, since I am not after a numerical answer. 

From this solution we can draw no obvious conclusions as to what happens 
as to. It is true that if v.=B}, then since v»>0, v never becomes zero and 
the projectile never returns. But 7) =B! may not be the minimum value which 
will do the trick. Thus we are back to the question of whether the projectile can 
approach a fixed distance from the earth as [> &., 

I pointed out that what we needed was a justification for our feeling that the 


* Now at Carleton College. 


d*r k 
dt? 
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attraction of the earth, acting on the projectile for long enough, would drag it 
back, unless the force approached zero as time passed. There was no suggestion 
as to how we might get this result, so I observed that v=v9+/Jfga(x)dx, where 
a(t) is the acceleration ¢ seconds after the projectile is fired. It follows that if r 
were bounded above, a(t) would have a negative upper bound and v would even- 
tually become zero. Thus the projectile either returns to the earth or flies arbi- 
trarily far from it, and the smallest initial velocity which will allow it to escape 
is B+. Finally, I pointed out that the projectile could be fired so that it flew 
arbitrarily far from the earth and still be pulled back, which seemed to clash 
sharply with my students’ intuitions. It might have helped to point out that 
this is equivalent to saying that if the projectile were taken to an arbitrary 
point in space and then released, it would fall back to earth. The trouble was 
certainly due partly to the fact that we were dealing with a two-body problem, 
and hence should have expected results which would offend our intuitions. 

A careful reader will observe that there were opportunities, along the way, 
to discuss least upper and greatest lower bounds, the intermediate-value property 
of continuous functions, and the mean-value theorem for integrals. 


NOTE ON DERIVING ANNUITY FORMULAS 


ROGER OsBorNn, University of Texas 


In the teaching of the mathematics of investment, an ingenious device en- 
ables the most general annuity formulas to be derived without reference to 
geometric progressions. The sequence of steps used is the concern of this note. 

After introducing the definitions of, and formulas relating, nominal and 
effective rates of interest, it is unusual—but not unnatural—to introduce the 
present value of a perpetuity. Introduce the present value of the perpetuity 
by defining it to be the investment required to provide the payments of the 
perpetuity out of earned interest (that is, the investment must remain intact). 
With this definition, it is easy to explain that the present value of a given 
ordinary perpetuity is the same for every date on which this present value may 
be found. With this background, let A,, be the present value of the perpetuity, 
R be its periodic payment, and 7 be the interest rate per payment period. Then 
A,.=R/i. If the rate per conversion period of the given rate is identical with 7, 
then the present value of an ordinary annuity certain of » payments of R may 
be found immediately as follows. (1) Let the date on which the present value 
of the annuity is desired be called now. Find the present value of a perpetuity 
of payment R now. This is A..=R/1. (2) Find the present value of a perpetuity 
of payment R on a date n periods from now. This is again A,, = R/i. (3) Discount 
this latter present value for ” periods. (4) Denote the present value of the 
annuity (the total of the discounted values of the payments) by A. (5) Using 
now as the comparison date, set up the equation of value: 


A, = A+ A,(1 + i). 
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Hence, 
R R 1—(1+%)™ 
A= A,— A,(1+ = — ——(1+ i) = R—————_ = Ray, 
4 
if the definition 
1—(1+i)™ 


is made. 

If the rate per conversion period of the given rate is not identical with 1, 
then the formula for the present value of a general annuity may be derived with 
equal ease. Suppose that for the nominal rate J, compounded M times per year, 
4=J/M (remembering that 7 is the rate per payment period). Let 7, compounded 
m times per year, represent the given interest rate. Then, if the rates are equiva- 
lent, 


(1 + J/M)™ = (1 + j/m)", 
and 
4=J/M = (1+ j/m)"™ — 1. 


Following the above steps for finding the present value of an annuity, with the 
understanding that m in step (2) above is the number of interest periods of 
the rate j, the present value of the annuity becomes 


(1 + _ R 1 — (1 + 7/m)™ 
i (1 + — 1 
If the term of the annuity is y years, if there are p payments per year (i.e., if 


M=p), and if j is the given rate (compounded m times per year), the present 
value of an ordinary annuity certain is given by 


1— (1+ 
(1+ = 1 


The formula for the sum may be obtained merely by accumulating the pres- 
ent value whether the annuity be simple or general. 


R R 
t 


EULER AND TANGENT NUMBERS AND THE EXPONENTIAL SHIFT 
J. S. Frame, Michigan State University 


While investigating certain congruences for Bernoulli numbers the author 
stumbled upon a special case of the recurrence relation (14) for tangent series 
coefficients, unaware that this relation appeared in Nérlund’s memoir. Formu- 
lating the relation in the form (12) he succeeded in proving it by an exponential 
shift technique. This technique works equally well for the Euler numbers. 
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The exponential shift formula, familiar in the solution of linear differential 
equations with constant coefficients, may be written 


(1) f(D)e* g(x) = e*f(D + a)g(x) 


where f(D) denotes a polynomial in the differential operator D=d/dx. 

Here we use the exponential shift to derive simple linear recurrence relations 
for the coefficients E, (Euler numbers) and 7, (tangent numbers) in the power 
series expansions of sec x and x tan (x/2). We write 


(2) secx=1+ E,x*"/(2n)!, sechax=1+ > (—1)"E,x*"/(2n)!, 


n=l n=1 


> T,x?"/(2n)!, x tanh (x/2) = > 


n=l n=l 


x tan (x/2) 


where the hyperbolic functions are obtained from the corresponding trigo- 
nometric functions by replacing x by ix. 
First we note by formula (1) that 


f(D)-1 = f(D) cosh x sech x = 4[e*f(D + 1) + e*f(D — 1)] sech x. 

In particular for f(D) =(1—D?)", we find 
(3) 1 = (1 — D*)"-1 = 3[e*(—D? — 2D)" + e*(— D? + 2D)*| sech x. 
Evaluating (3) at x=0, and noting from (2) that (—D*)™sech x=E,, at x =0, we 
have 

[n/2]} n [n/2] n 

1= > (—4y( sechx]o= (-4( ) 
2r r=(0 2r 


Written as a linear recurrence relation this becomes 


+4(")e 
2 n—1 4 n—2 6 n—3 


4 4 
E, = 1, E,= E, = 1385, 
(4) 
2 5 5 
E; = 50521 


3 6 6 
E;=1+ E2=61, Es=it 10 E;— E, + 4°E; = 2702765. 


The Euler numbers £, are positive odd integers ending alternately in the digits 
1 and 5. 


Next we make use of the identities 
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(5) x tanh (x/2) = e*/*x sech (x/2) — x = x — e-*/*x sech (x/2). 


Applying the operators (D?—D)" and (D?+D)* to (5) and using the ex- 
ponential shift we find 


(6) (D? — D)"x tanh (”/2) = — 1/4)"x sech x/2 — (D*? — D)*x, 

(7) (D?+ D)*x tanh (x%/2) = (D? + D)*x — — 1/4)"x sech x/2. 
Averaging (6) and (7), noting that D"x =6,,, for m >0, we have 

4[(D? — D)" + (D? + D)*]x tanh (x/2) = 521 + sinh (x/2)(D? — 1/4)"x sech (x/2). 


Expanding the binomials, and evaluating derivatives at x=0 we have 


[n/2] n 
( ) tanh = + 0, 


r=0 2r 
[n/2] n 


2r 


Written as a linear recurrence relation this becomes 


n n n 
(i) (") forn > 1; = 1. 
2 4 6 
2 5 5 
2 2 4 
r,=(°)7.=3 r+ (°) = 207 
T ()z 17 T ()z +(‘\r 38227 
4 2) *? 4) *? 7 


The coefficients B, (Bernoulli numbers) and C, in the cotangent and cosecant 
expansions 
1— >> Bax?"/(2n)!, xcscx=1+ C,x/(2n)!, 


n=l 


are easily obtained from T, by comparing coefficients of x?"/(2n)! in both mem- 
bers of the identities 


x x x x x x 
— tan = — cot — — scot x csc x = — tan — + — cot —- 
2 2 2 2 2 2 2 2 


In fact we have 
T,/2 = (4% — 1)B,; C, = T,/2 — B, = (4% — 2)B,. 


Finally by another exponential shift we may write 


| 
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cosh x = D**-!sinh x = D?"-! cosh x tanh x 
+ + — 1)*-"] tanh =. 


Setting x =0 we find 


/2n —1 /(2n — 1 
i= ( ) tanh x]o = ( 


r=0 2r r=0 2r 


= n—1 n—2 — 
2 4 


Thus we derive a recurrence relation for the coefficients ¢, in the series 


tanh x = tnx?™-1/(2n — 1)! = 


n=1 n=l 
The #, are multiples of T,/n, namely 
i= t3 = 16, 272, i= 7936, = (—4)""!T,,/n. 


Since t, are integers, it follows that T, is divisible by the highest odd factor of n. 

Formulas equivalent to (9) and (8) are derived in a more complicated way 
in Nérlund’s memoir on Bernoulli numbers (pp. 138 and 140), but formula (4) 
for the E, requires only half as many terms as the recurrence relations for E, 
given by Nérlund (pp. 133 and 136). 


Reference 


N. E. Nérlund, Mémoire sur les polynomes de Bernoulli. Acta Math., vol. 43, 1922, pp. 121- 
196. 


CONDITIONS FOR THE INTEGRAND OF AN IMPROPER INTEGRAL 
TO BE BOUNDED OR TEND TO ZERO 


R. B. KELMAN AND T. J. Rrvirn, IBM Research Center, New York 


1. Introduction. In discussing the convergence of integrals of the form 
(1) f f(t)dt = lim f f(ddt 
a a 


(a is a constant and f is a real function Riemann integrable over every finite 
subinterval of a<t< ©) many books mention the similarity to the theory of 
infinite series. Some books also note, however, that even if Sth exists we need 
not have lim;... f(t) =0, in contrast to the situation for the general term of a 
convergent infinite series (e.g. [3], [4], [5]). A famous example of such behavior 
is the Fresnel integral [cos t*dt. (Cf. [3], p. 253.) 

We wish to formulate some simple conditions which taken together with 
the existence of (1) (or, alternatively, the boundedness of /3f, a<x<«) assure 
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that lim;... f(t) =0 (or, alternatively, that f(t) is bounded on aSt<«). Some 
applications of these conditions are given in Section 3. 

This discussion was motivated by a conjecture suggested by an engineering 
problem concerning diodes. Namely, if f(t) is a continuous function for which 
Jf exists and if there is a constant T>0 such that 


lim [f(t + T) — f(] = 0, 


then lim;.. f(t) =0. Using the example given by Hardy ([5], p. 359) with T=1 
one can see that this conjecture is false. 


2. Results. A simple result which is well known is that if f is a monotone 
function and /?f exists then lim;.., f(t) =0. We wish to consider a different kind 
of condition. Given a function f(t), defined for a<t<@, and given 6>0, tp2a 
we define the uniform oscillation w(f; to, 6) by 


(2) to, 8) = sup [| — f(te) 


te = to, | te | 5]. 


We then have the following necessary and sufficient condition. 
THEOREM 1. Suppose [7f converges. Then lim:... f(t) =0 if, and only 7f, 
(3) lim w(f; to, 6) = 0. 


te 


6-0 


Proof. i) If lim;:.. f(t) =0, then given e>0 there is to(€) such that 
for t2to. Hence, for t, t2=to 


| — f()| | ft) | + Se 


Thus w(f; to, 5) as tp and 6-0. 
ii) Suppose now that (3) holds and assume that lim;.., f(t) =0 is false. Then 


there is a sequence a), witha, ©, and a positive number such 
that either f(a,)2b, R=1, 2,---+ or f(ax)S—b, R=1, 2,---. It suffices to 
consider the possibility that f(a.) 2b. Since w—0, there are 6 and fy such that 
(4) | fu) — f(t) 4b 


whenever ti, and $8. Also since ff converges we can choose, by 
the Cauchy criterion, a number R2fp so large that for any P>Q>R 


(S) 


f foal < b8. 


Choose k so large that a4, >R+6. In view of (4) f(t) 26/2 for 
Thus 


| 


s(bat| > (6/2)(28) = b8, 


| 
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contradicting (5) and proving the theorem. If f(t) is continuous, condition (3) 
is equivalent to the uniform continuity of f(t) for a<i<o. Thus we have 


1. f(t) is continuous on aSt<@ and fff converges, then 
limt.0 f(t) =0 if, and only if, f(t) is uniformly continuous on aSti<o., 

Functions with bounded derivatives and functions almost periodic in the 
sense of Bohr [2] are two classes of functions uniformly continuous on aSt<. 
(We note as an aside that /fexp(it”)dt exists if p>1 and that |exp(it?)| =1 for 
all t. Hence, exp(it?) cannot be an almost periodic function.) 

We now examine the case in which /2f is bounded. 


THEOREM 2. Suppose | fzf(t)dt| <A forasx<~, where A is a constant, and 
that (3) holds. Then f(t) is bounded onaSt<o. 


Proof. Assume that f is not bounded. This implies there is a sequence {ax} 
such that a441>a,+1 and such that | f(ax) | = k(k=1,2,-- Let to be chosen 
in such a way that 

if t2to and | t,—t2| <1. Clearly, we can choose Then 


f@dt 


a 


This contradicts the hypothesis that /Zf is bounded and proves the theorem. 


3. Applications. Using the above results we give some very simple proofs of 
known theorems (see [1, p. 117] and [6, p. 187], for instance) useful in the 
study of differential equations. See also [7]. 


2. If f(t) and f'’(t) ('=d/dt) are bounded for aSt< @, then so is 
f'(). Uf also tends to a limit as t- then lim:.., f'(t) =0). 


Proof. Since f(t) =f(a) +Jef’, one has that fZf’ is bounded (converges). 


Since f’ is uniformly continuous, it is bounded (tends to zero as t@). 


3. If fof? and converge, then so does Moreover 
f(t) =0. 


Proof. From integration by parts 


6) fsorroa = - - 


Since f?+f’22|ff’’| the integral on the left hand side of (6) converges. Now 
either /2f’*converges or tends monotonically to infinity. If the latter holds, 
then f-f’—>« by (6). This is impossible, however, for it would imply ff. 
Hence, /7f’? converges. Using (6) again we see that lim... f(t)f’(é) exists. Hence, 
by Corollary 1 lim;... f?(¢) =0. 
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Coro.Luary 4. Let g(x, y, 2) be a continuous bounded function defined for x 
where aSx<~ and for suitable domains in the y-z plane. If f(t) is a bounded 
solution of 


+ = 0 
and if fe (f)” converges for some p=1, then lim:.. f(t) =0. 


Proof. Since f’’(#) is bounded, Corollary 2 implies f’(#) is bounded and the 
result follows from Corollary 1. 


An important special case occurs when g(t, f, f’) =a(é)f(t)+6() when @ and 
8 are given bounded functions for aSt<o. 
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SIMPSON’S RULE FOR UNEQUALLY SPACED ORDINATES 


N. SHKLOV, University of Saskatchewan 


Every textbook in numerical analysis and almost every textbook in cal- 
culus derives or quotes Simpson’s quadrature formula, viz. 


(1) f dx = th{y_n+ 4y0+ ya} 


in terms of three equally spaced ordinates. The analogous formula in terms of 
unequally spaced ordinates is seldom, if ever, mentioned. We give a derivation 
of this formula in the case of three ordinates y_a, yo, and y., where the subscripts 
refer to the corresponding abscissae. 

If we designate by Asy, and A?,y, the divided differences (ys—-ya)/(b—a) 
and (A-¥,»—Avya)/(¢—a) respectively, we see that 


2 Azyo — Ao 
Az.0 = 
xth 


Vz Vo 


where x is a variable abscissa. If, furthermore, we assume a parabolic fit, second 
divided differences will, as usual, be constant and we may equate A? oy_, to 
A? oy-n, Where k is an abscissa such that 4% is known. We then have 
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yo 2 
(x + h)x al h(x + h) &,0 Y—h 
or 
(x + h) 


h h 
= ynt (x +h) Ao («+ h)x 


This is Newton’s formula for divided differences, as far as second differences. 
Rearranging in powers of x, we obtain 


Vz = h Ao + (4 + h Ako + ( Ai.o 


We now integrate between a and ¢ and get 


k 
f yedx = (h+ (9-4 + h&o + (4 yn t+ 3(k — h) 


+ (ate 9-1) + | 
(2) 
= +k) + 3(h + k) Mo y-n + (2k? + kh — h?) 


This result is interesting in certain special cases. If k=h, formula (2) reduces 
to formula (1). If one interval is double the other, e.g. k= 2h, only two of the 
ordinates are used in the quadrature, viz. 


2h 
f = th(3yo + yor). 


h 


r 

f 

) 

| 
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AN EXPERIMENT WITH A LARGE CALCULUS CLASS 


Doris S. StocKTon, University of Massachusetts 


Acknowledging that increased enrollments and teacher shortages are forcing 
universities to abandon small classes, the author conducted an experiment with 
a large section of beginning calculus at the University of Massachusetts in the 
academic year 1959-60. Each semester one section containing about ninety 
students and one section containing about thirty students were taught. An 
attempt was made to organize and regiment the sections in such a way that the 
large section would be taught as effectively as the small section. It was hoped 
that the organization would effect a saving in teaching manpower and that the 
plan could be readily adapted to accommodate several hundred students if televi- 
sion were used. 

There were four hour-examinations and one final examination. Except for 
insignificant modifications both sections took the same examinations. Home- 
work was done on standardized paper and was collected each day. The instruc- 
tor graded all examinations and checked the homework personally. An under- 
graduate assistant checked attendance and helped proctor. 

There were two help sessions a week for these sections. In addition the stu- 
dents were encouraged to write questions on their homework papers. All such 
questions were answered either in writing or in class. 

Each student’s record was kept on an IBM mark-sensing card, and the 
weighted averages were computed on an IBM 650. For comparison purposes 
the records were also kept in a conventional grade book and the weighted aver- 
ages were computed “by hand.” If there were several hundred students involved, 
it is believed that the IBM machine would save at least six hours per hundred 
students for the instructor each semester. 

A careful comparison of the smal! section with the large section was kept 
throughout each semester. The differences in the averages between the two sec- 
tions were relatively slight. 

At the end of each semester the students in the large section were asked to 
check one of the alternatives in the statement: If I had been enrolled in a section 
containing thirty students, having the same instructor, and using the same text, 
I think I would have learned more, less, the same about the material in this 
course. The students in the small section were asked the same question with 
the number 30 replaced by the number 20. The first semester about 50% of the 
students in both sections thought they would have learned more in smaller 
sections. The second semester only 23% of the students in the large section and 
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19% of the students in the small section thought they would have learned more 
in smaller sections. 

In view of the negligible differences in the averages, it appears that the 
students in the large sections learned just about as much as those in the small 
sections. If we assume that the two groups of students were of about the same 
ability, the results indicate that with the scheme used here a section of ninety 
students can be taught beginning calculus as effectively as a section of thirty 
students. 

It also appears that the plan used can save teacher-hours. In the experiment 
118 students were taught with only the aid of an undergraduate assistant work- 
ing three hours a week. This is equivalent to handling four normal-sized sec- 
tions. The instructor estimated that it took less time than it would have taken 
to teach four separate normal-sized sections and slightly more time than it 
would have taken to teach three separate normal-sized sections. Another thirty 
students might have been placed in the large section. 

It is apparent that the plan used here could be readily adapted for a televised 
lecture and a class of several hundred students. It would only be necessary 
to use machine-scored examinations and to have a staff of graduate assistants 
to handle the help sessions and the homework and to record the grades on mark- 
sensing cards. The assistants could daily present the lecturer with a list of the 
more common questions appearing on the homework so as to retain a personal 
link between lecturer and student. So many students ask the same questions 
that the problem of providing answers to all the questions is not as great as it 
may at first seem. 


A SUMMER INSTITUTE IN MATHEMATICS FOR ARITHMETIC 
TEACHERS AND SUPERVISORS 


James R. Smart, San Jose State College 


Forty teachers and supervisors of elementary school arithmetic, representing 
twenty-five states, were participants in a National Science Foundation Insti- 
tute in Mathematics held at San Jose State College from June 20 to July 29, 
1960. The Institute members included twenty-four elementary teachers, four 
teaching principals, four principals, six supervisors or consultants, and two col- 
lege teachers of arithmetic. 

The objectives were to help elementary teachers and supervisors to become 
subject matter specialists in arithmetic and to better understand how arith- 
metic relates to secondary mathematics; to improve the participants’ under- 
standing of the newer topics in current experimental programs in elementary 
school mathematics; to provide an opportunity to observe a well-trained 
teacher presenting new topics to a group of elementary pupils; and to stimulate 
discussion of current problems and trends in elementary school arithmetic. 

All participants registered for three mathematics classes. “The Expanding 
World of Arithmetic” was a study of some of the newer topics which may be- 
come part of the arithmetic curriculum, including inequalities, integral ex- 
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ponents, introductory set theory, elementary number theory and congruence, 
numbers to other bases, and probability. 

“Foundations of Arithmetic” was a careful examination of arithmetic as a 
science and as a branch of elementary mathematics. The algorisms of arithmetic 
were explained in terms of basic properties of number systems. Modern ap- 
pioeches to topics such as per cent, measurement, equal ratios, and equations 
were justified by referring back to postulates and definitions. 

The third course was designed around a demonstration class of above- 
average fifth and sixth grade pupils. All of the topics from “The Expanding 
World of Arithmetic” were introduced in demonstration lessons, as well as some 
number laws and equal ratios. Participants helped evaluate the results and 
were encouraged to prepare similar materials for their own use. 

Three informal activities supplemented the Institute classwork: informal 
problem sessions at which students could secure help with homework, a materials 
laboratory for aiding in the development of concrete or written materials for 
use in the arithmetic classroom, and ten seminars with guest speakers or student 
discussions about arithmetic education. 


A NOTE ON ANALYTIC GEOMETRY 


I. A. BARNETT, University of Cincinnati 


The trend today is to give the student only a smattering of analytic geom- 
etry in the unified analytics-calculus course. The equations of the straight line 
and circle are introduced for the purpose of illustrating some examples of the 
calculus. The student leaves such a course with but a meager knowledge of 
analytic geometry and with little idea of its importance in the stream of mathe- 
matics. He is rarely introduced to the idea of families of curves so necessary to 
an understanding of differential equations. He is seldom acquainted with the 
parametric method used in solving locus problems. Few students know how to 
find the coordinates of the vertices and of the foci of a conic, even when the 
axes of the conic are parallel to the coordinate axes. 

Until such time as the high schools of our country are able to give their 
students a thorough preparation in mathematics up to the calculus, the colleges 
should return to a one-semester course in analytics. The colleges must be flexible 
enough to accept the existing state of high school mathematics preparation and 
not shut their eyes to it. In this transition period the colleges must compensate 
for this lack of preparation in the basic subjects and not proceed to push badly 
prepared students through more and more advanced work. 

The high schools should find a place in their curricula for a one-semester 
course in analytic geometry. Analytics is the logical course to show how algebra 
and geometry are combined, and to introduce the students to mathematics be- 
yond what we inherited from the Greeks and Arabs. Such a course would serve 
(1) as a terminal course for those who have had 13 years of algebra and 1 year of 
plane geometry; and (2) as a prerequisite course for those who plan to start the 
calculus in the freshman year of college. 
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NEW COOPERATIVE MATHEMATICS TESTS 


BENJAMIN SHIMBERG, Educational Testing Service, Princeton, N. J. 


Teachers who have been wondering when standardized tests would reflect 
the significant changes that are taking place in mathematics instruction will be 
interested in knowing that the Cooperative Test Division of The Educational 
Testing Service is currently developing eleven new examinations geared spe- 
cially to a modern curriculum in mathematics. 

The Cooperative Test Division development program got underway more 
than a year ago when an advisory committee of practicing mathematicians and 
mathematics teachers was set up to advise and review the formulation of the 
program. 

The program includes the development of eleven new tests aimed at students 
from the 7th grade through the second year in coilege. For junior high school 
students through the 9th grade, there will be an examination covering arith- 
metic reasoning and computation as well as the conceptual and structural as- 
pects of arithmetic. 

For students who have participated in the experimental junior high school 
program of the School Mathematics Study Group, there will be an examination 
based on the unit “The Structure of the Number System.” This examination 
may also be given to students who have taken three or four years of high school 
mathematics and to seniors in teachers’ colleges who are bound for the elemen- 
tary grades or for mathematics teaching. 

The other examinations in preparation are in algebra, geometry, trigonom- 
etry, analytic geometry, and calculus. There are to be three separate algebra 
examinations: beginning, intermediate, and advanced or college algebra. 

Two levels of both geometry and calculus are planned. The lower level of 
each of these tests is intended to test adequately the student's knowledge of basic 
facts and techniques in the subject. The upper level will not only cover more 
factual knowledge, but will also attempt to measure the student’s depth of 
understanding of what he has learned. All of these examinations are designed 
with consideration of the requirements of both traditional courses and those 
which have incorporated newer approaches. 

The Advisc:v Committee for the new Cooperative Mathematics Tests in- 
cludes: E. G. : egle of Yale University and the School Mathematics Study 
Group; Donovan A. Johnson, University of Minnesota; John G. Kemeny, 
Dartmouth College; Kenneth O. May, Carleton College; John R. Mayor, Amer- 
ican Association for the Advancement of Science; Robert A. Rosenbaum, Wes- 
leyan University; Eugene Smith, Wilmington, Delaware, Public Schools, and 
Wayne State University, Detroit; Max A. Sobel, Montclair State Teachers Col- 
lege; Ben A. Sueltz, State Teachers College, Cortland, New York; Henry Van 
Engen, University of Wisconsin. 
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ELEMENTARY PROBLEMS AND SOLUTIONS 
EpITtED By Howarp EVEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This Department 
welcomes problems believed to be new and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 1441. Proposed by Bart Park, Michigan College of Mining and Technology 


A resident of Los Vegas, on his deathbed, held the following conversation 
with a friend who liked to solve problems. 

“Over the past few years I have saved every silver dollar that came into my 
hands. When I reached one hundred I tied them in a bag. The first three hundred 
accumulated pretty fast and I hoped to reach a thousand, but I didn’t make it. 
The several bags, each containing one hundred dollars, are in the closet of the 
next room. What I want you to do is visit my minor son on his next and each 
succeeding birthday and give him the number of dollars which equals his age. 
I figure that on your last trip you will have just used up all of the money.” 

“That’s interesting,” said his friend. “Before I see the bags let me try to 
figure out how many trips will be required.” After an interval the friend said, 
“I'll have to know your son’s age.” He was told. Then he said, “I now know how 
many trips will be required.” How many will he have to make? 


E 1442. Proposed by Andrzej Makowski, Warsaw, Poland 


Prove that the equation x?+36=y5 has no solution in integers x and y. 


E 1443. Proposed by N. A. Court, University of Oklahoma 


If two of the four lines joining the vertices of a tetrahedron to the ortho- 
centers of the opposite faces are coplanar, the remaining two lines are also co- 
planar. 


E 1444. Proposed by Lincoln Teng, Willow Run Laboratories, University of 
Michigan 

Let A and B, two Xn matrices, be such that A and AB—BA commute. 
Show that n(A*B—BA*)=k(A"B—BA")A*-* for any integer k>n. 

E 1445. Proposed by M. S. Klamkin, AVCO Research and Advanced Develop- 


ment 


A number 7 is defined as almost perfect if }vajnd=2n+1. Are there any 
other almost perfect numbers besides numbers of the form = 2™? 
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SOLUTIONS 
Cyclic Polygons 
E 1411 [1960, 378]. Proposed by H. Y. Shee, Hualien, Taiwan, China 


Let ABCDE be any pentagon inscribed in a circle and let P, Q, R, S, T be 
intersections of the diagonals such that P and Q lie on AC, Q and R on BD, 
Rand S on CE, S and T on DA. Prove that 

AB-BC-CD-DE-EA AP-BQ-CR:- DS: ET 
AC:BD:CE:DA-EB CP-DQ-ER- AS: BT 


Generalize. 


Solution by the proposer. From the two pairs of similar triangles APB, 
CPE and BCP, AEP we have 


AB/CE = BP/CP and EA/CB = AP/BP. 
Combining the above two equations we get (EA-AB)/(CE-CB)=AP/CP. In 


a similar way we find 


(AB-BC)/(DA/DC) = BQ/DQ,  (BC-CD)/(EB-ED) = CR/ER, 
(CD: DE)/(AC- AE) = DS/AS, (DE-EA)/(BD-BA) = ET/BT. 


The desired result now follows by multiplying together the corresponding mem- 
bers of the last five equations. 

In the same way we can establish the following generalization: Let 
be any cyclic n-gon and let P; be the intersection of Ax 
and Ax4:Ax-1, where the subscripts are reduced modulo m to numbers of the set 
{1, n}. Then 


Il Ax Az Il AxP;/ As2Pr. 


k=l kel 


Other interesting generalizations are possible. 


Also solved by Richard Cottle, Michael Goldberg, L. D. Goldstone, Ku Yi Hui, D. C. B- 
Marsh, C. L. Sterling, and Lawrence Zalcman. 

Editorial Note. Essentially the relation of this problem was given by Ku Yi Hui in the May 
1959 issue of The Mathematics Student Journal. A number of the solvers incorrectly generalized to 
[1424 cA =] [Ac 


A Divergent Series 
E 1412 [1960, 378]. Proposed by H. E. Chrestenson, Reed College 
Let {m,.}, R20, be a strictly increasing sequence of integers with mo=0. 
Under what conditions does the series >» (m,—my_1) /m, Converge? 


I. Solution by W. C. Waterhouse, Harvard University. It never converges. For 
any m there is an n’ such that my, >2m,; then 
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> (m — m-)/m> — m-1)/my = 1 — m,/my > 1/2. 


k=n+1 k=n+1 


Hence by Cauchy’s criterion the series diverges. 
II. Solution by R. H. Breusch, Amherst College. If 0<a,<1, then >a; con- 
verges if and only if [](1—ax) converges. Now 


II [1 — — m-1)/m] = II = 


k=2 k==2 


Since { mx} is a strictly increasing sequence of integers, lim,..m,= ©. Thus 
the product diverges, and therefore the concerned series diverges. So the answer 
is: never. 

III. Solution by J. L. Brown, Jr., Ordnance Research Laboratory, Pennsyl- 
vania State University. More generally it is known (see Knopp, Theory and Ap- 
plication of Infinite Series, p. 308) that for 


O< po 


the series converges when a>1 and diverges when 
Thus the proposed series is always divergent. 

IV. Solution by Albert Wilansky, Lehigh University. Never! A known theorem 
is that if 2,20 and and > 4%, then In the 
present case the m, are integers, so lim m, does not exist, i.e. }.a,= ©. 

If the proposer deletes the word integer we have the result that the series 
converges if and only if lim m, exists. 


Also solved by Steve Andrea, Donald Batman, Fred Gilman, Todd Gitlin, A. R. Hyde, 
Shigeru Ishii and Joel Levy (jointly), R. B. Kirchner, Donald Knuth, T. V. Lakshminarasimhan, 
D. C. B. Marsh, C. S. Ogilvy, Jack Silver, Allan Trojan, David Zeitlin, and the proposer. 

Other pertinent references are Bromwich, Theory af Infinite Series, p. 36 and Hobson, Theory 
of Functions of a Real Variable, vol. 2, p. 13. The proposer pointed out that the problem arose in 
connection with the solution of Problem 113, Chapter I, Aufgaben und Lehrséitze aus der Analysis, 
vol 1, Pélya and Szegé, and provides a solution of that problem somewhat different from the one 
given by the authors. 


Some Special Integers 


E 1413 [1960, 378]. Proposed by B. K. Harrison, University of California, 
Los Alamos Scientific Laboratory 


Consider an integer, written in the usual form to the base r as 
N = 400102 Qn, Os < 


We require that r2”+1. Find all N, for any m, such that a; is equal to the 
number of times that k appears in the sequence do, a1, @2, - + + , Gn. 


Solution by Seth Catlin, University of Oregon. For such an N=aoajd2 - - - Gn, 
we clearly must have a;= ia;=n-+1. In particular, 


1, 
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ao = (i 1)a;. 
t=2 
This implies that if aa=1, then a2=1, - ++ =a,=0, and if ap=2, then 
d3= --+- =a,=0. (Note that and as=1 would force a2=0, con- 
trary to d@)=2.) The only solutions in these cases are then seen to be: 1210, 
2020, 21200. 
If a9 =t>2, then a;21, and 


t—(t-—1)a,= (i — 1)a; 2 0. 


Since a,>1 implies t—(t—1)a:<0, we must have a,;=1 and t—(t—1)a:=1. So 
in this case the only solution is a@9=¢t, a, =2, @=a,=1, and 
a;=0 where n=t+3. 


Also solved by J. L. Botsford, T. C. Brown, Donald Knuth, D. C. B. Marsh, Allan Trojan, 
and the proposer. 
Some of these solutions were incomplete. 


An Integral Inequality 


E 1414 [1960, 378]. Proposed by George Glauberman, Polytechnic Institute of 
Brooklyn 


Suppose g is a nonnegative and integrable function on [0, 1]. Let A, 
= fi[g(x) |"dx for r a nonnegative integer. Prove that A,=A}. 


I. Solution by J. W. Ellis and J. H. Wahab, Louisiana State University in 
New Orleans. Since g20, g*(x) Sg*(y) if and only if g(x) Sg(y). Therefore, if S 
is the unit square, 


2f f — 2 ff 


= 2Agy1 — 


Hence A} SA, implies Ai*'S S The case r= 1 is trivial. 

II. Solution by Albert Wilansky, Lehigh University. We give a far more gen- 
eral result, namely { (b—a)-1f2g"} 1/r is an increasing function of r for r>0. The 
problem follows by taking b=1, a=0, and restricting r to be an integer. 

Let r>s>0. In Hélder’s inequality, 


let v=1, u=f*, p=r/s. Then 1/g=1-—s/r and the inequality becomes 
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fra 


Also solved by Steve Andrea, Donald Batman, Ralph Beals, R. C. Bohuslou, D. A. Breault, 
J. L. Brown, Jr., Richard Cottle, J. B. Garner, Michael Goldberg, W. C. Guenther, J. C. Hickman, 
Vern Hoggatt, Shigeru Ishii and Joel Levy (jointly), G. J. Janusz, R. B. Kelman, Donald Knuth, 
T. V. Lakshminarasimhan, J. F. Leetch, Joe Lipman, D. C. B. Marsh, C. S. Ogilvy, J. E. Potter, 
C. H. Sampson, Jack Silver, T. H. Slook, W. C. Teachout, Jr., Allan Trojan, Vaclev Vitek, W. C. 
Waterhouse, David Zeitlin, and the proposer. 


Hence 


A Snowblower Problem 
E 1415 [1960, 378]. Proposed by Michael Herschorn, McGill University 


It began snowing in the morning; at noon a snowblower set out to clear a 
street of constant width. Later on a second blower followed, and, still later, a 
third. Each blower cleared at a constant rate (volume per unit of time), the 
spacing between blowers remaining constant with the first separation twice the 
second. At any given time during the day the rate of snowfall was the same 
throughout the town. A total of four inches had fallen when the second blower 
started out, and another four inches fell before the third began on the route. 
How deep was the snow at noon? 

Solution by D. C. B. Marsh, Colorado School of Mines. If the lesser separation 
between blowers is & linear units, then when the first blower has traversed a 
distance of 3k, the second and third have gone k& and 0 respectively. Should 
the depth of snow confronting Blower 1 at location x be labelled d(x), then the 
snow-depths confronting Blowers 2 and 3 are respectively d(x) —d(x—2k) and 
d(x) —d(x—k). Since the street is of constant width and the spacing is main- 
tained (so the speeds are equal), the snow-depths confronting each blower are 
proportional to the blowers’ rates of clearing. For any two locations k units 
apart we then have 


d(x) _ d(x) — d(x — 2k) _ d(x) — d(x — k) 
d(x—k) d(x—k)—d(x—3k) d(x —k) —d(x — 2k) 
which readily yield d(x)d(x — 2k) =d?(x—k). The given data show that d(2k) =4 


and d(3k) =8. Letting x=3k we find d(k) =2, and then letting x=2k we find 
d(0) =1. Therefore the snow was one inch deep at noon. 


Also solved by A. N. Aheart, Robert Bart, E. W. Brown, A. R. Hyde, Philip Smedley, and 
the proposer. 


ADVANCED PROBLEMS AND SOLUTIONS 
EpITED By E. P. STaRKE, Rutgers, The State University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers, The State University, New Brunswick, New Jersey. All manuscripts should be type- 
written with double spacing and margins at least one inch wide. Problems containing results 
believed to be new or extensions of old results are especially sought. Proposers of problems 
should also enclose any solutions or information that will assist the editor. In general, prob- 
lems in well-known textbooks or results in readily accessible sources should not be proposed for 
this department. 


PROBLEMS FOR SOLUTION 
4935. Proposed by H. Schwerdtfeger, McGill University 


Prove that if c is a rational number such that the equation x"=c is irreduci- 
ble over the rational field, then the determinant 


ao Cdm—1 Cay, 
a, ao * Ca2 
is different from zero for all sets of m rational numbers do, a1, - + + , @m—1 Which 


are not all equal to zero. 


4936. Proposed by R. C. Buck, University of Wisconsin 


Let A be an algebra of functions defined on a space X and taking values in 
an arbitrary (not necessarily commutative) field k. Suppose that A separates 
X: given x and y in X, xy, there is fEA with f(x) ¥f(y). How close does A 
come to being dense in the algebra of all functions on X to k? Given a finite set 
SCX, and a function g on X, is there fEA so that f(x) =g(x) for all xES? 


4937. Proposed by G. P. Sturm, Jr., Oklahoma State University 


Prove that the matrix product of any two third order magic squares is a 
doubly symmetric matrix. A magic square is defined as a square array of n? 
elements with the property that the sum of the elements of any line (both di- 
agonals included) is a constant; double symmetry is defined as symmetry in 
both diagonals. 


4938. Proposed by R. W. McChesney, Albion College 


It is known that every real number x€ [0, 1) has at most two representations 
of the form x= }>*_, a,,N-™, where N is any integer greater than 1 and each a; 
is one of the set 0, 1, - +--+, N—1. Now consider a representation of the form 
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where [0, 1), and a; is one of 1, 2,- —1; integer 
greater than 1 and n—1S5)0<x. 
(a) Show that an x can exist having more than two such representations. 
(b) Prove that at most two representations of x exist if 


—1+ V(n? + 2n — SOS xn. 


4939. Proposed by C. N. Campopiano, Radio Corp. of America, Camden, 
N. J. 


Let E be a topological space. Let p be the collection of all those (and only 
those) subsets A of E such that A\\BCAQ)\B for every BCE. (X is the closure 
of X for X CE.) The following facts are known: if A is an open subset of E, 
then A €); p is nonempty; there exist topological spaces having non-open sub- 
sets which are not in p. (See Bourbaki, General Topology, Book III, Chap. I, 
p. 16, Proposition 3 and p. 18, Exercise 6.) 

Prove that, if AG, then A is open; thus, A Ep if and only if A is open. 


4940. Proposed by M. S. Klamkin, AVCO Research, and D. J. Newman, 
Brown University 


Problem no. 151 in the “Scottish” book of problems due to Wavre poses the 
question of the existence of a harmonic function defined in a region containing 
a cube in its interior such that it vanishes on all its edges. Show that such a 
function 0 exists for any number of dimensions. 


SOLUTIONS 
A Diophantine Equation 


4666 [1955, 734; 1957, 54]. Proposed by R. Venkatachalam Iyer, Trivandrum, 
India 


If 7,=p(p+1)/2, solve in integers the equation 
1 1 1 


II. Solution by the proposer. In this MONTHLY, January 1957, solutions were 
obtained making the special assumptions, x=y, x=y+1, and the solution was 
labelled “partial” since no reason was advanced why x and y might not be 
otherwise related. However, the earlier solution is complete as the following 
argument will show. 

By the substitutions a=2x+1, b=2y+1, c=2z+1, the given equation be- 
comes 


(1) (a? — + (6? — 1)-! = (c? — 
This is easily put into the form 


(ab — c?)? = + {(a — 8)? — + 
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The right side is a quadratic expression in c? and so will be a perfect square if 
and only if { (a—b)?—2}?—4=0, whence a—b= +2 or 0. Thus solutions can 
exist under these two conditions only with the result that the special cases con- 
sidered earlier constitute, in fact, the complete solution. 


In both cases (1) reduces to a Pell’s equation of the form m*—2n?= —1 for 
which all solutions are known. 
It is interesting to note that if m, n satisfy the condition, m?—2n? = —1, then 


x=2n—1, y=2n+1, z=m, w=n satisfy 


(a — + + (@ = = (w? = 


Ring Whose Additive Group Is the Group of Reals 
4884 [1960, 87]. Proposed by Hans Schneider, Queen’s University, Belfast 


It is known that a ring whose additive group is the group of rationals 
(mod 1) has trivial multiplication. (C. Chevalley, Fundamental Concepts of 
Algebra, Example on chapter 3.) Find a nontrivial ring whose additive group 
is the group of reals (mod 1). 


Solution by N. J. Fine, Institute for Advanced Study. Let f be a nonzero solu- 
tion of the equation f(x+y) =f(x)+f(y) such that f(1)=0 and f(x) is rational 
for all x. [This may be done by choosing a basis {b.} for the reals over the ra- 
tionals, letting f(b.) be rational for each a, subject to the condition f(1) =0. 
Let bi, be be basis elements not involved in the representation of 1, and define 
f(bs), so that f(b:) -f(b2) #0 (mod 1). ] 

Define x o y=f(x) -f(y) (mod 1). The distributive laws are easily verified for 
the reals (mod 1) with (+, 0) as the operations, and the associative law follows 
from (xo y) oz=0=x0 (yo2), since f is zero at all rational numbers. Now 
if x=b,, y=be, then x o y=f(b:)f(b2) 40 (mod 1). 


Also solved by D. J. Newman, Joseph Rotman, and the proposer. 
Cardinality of a Hausdorff Space 
4886 [1960, 87]. Proposed by Isaac Namioka, Cornell University 


Let X be a Hausdorff (T2) topological space and let Y be its dense subset. 
Prove that «(X) <2? where x(A) denotes the cardinality of the set A. Show 
by an example that this inequality cannot be improved even when X is com- 
pact. Is this assertion true for T;-spaces? 


Solution by J. V. Whittaker, University of British Columbia. For each xEX, 
let U, be the family of open subsets of X which contain x. We define a mapping 
8 of X into 2%” by setting 0(x) = { YAU: UEU-}. To show that 8 is one-to-one, 
let x, yYEX, We can find UEU., VEU, such that U-\V= @, whence 
and 6(x) ¥6(y). Hence, «(X) To show that 
equality can occur, let J be the closed unit interval and X = 2! with the product 
topology. Then X is compact and separable. If we let Y be a countable dense 
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subset, we obviously have x(X) = 22". Now let X be any set with x(X) >x(24), 
and let the closed subsets of X consist of X and all finite subsets. Then X is 7, 
but not T:. If YCX is countable, then Y is dense in this topology, but «(X) 


Also solved by Meyer Jerison, P. S. Landweber, Stephen Love, and the proposer. E. Hewitt 
solved the problem earlier in A remark on density characters, Bull. Amer. Math. Soc. 52 (1946), 
pp. 641-643, which see also for references to earlier work by Pospisil. 


How to Tie up a Smooth Sphere 


4°87 [1960, 187]. Proposed by Z. A. Melzak, McGill University 


\. hat is the shortest length of infinitely strong, infinitely thin and perfectly 
inextensible string, with which a smooth sphere of radius 1 can be tied up so that 
the resulting parcel can be picked up and carried by the string without any 
danger of slipping apart? 


Solution by Michael Goldberg, Washington, D. C. If two nodes are joined by 
only two strings, a circle is formed. This cannot confine the sphere. If two nodes 
are joined by three semicircular strings, the sphere is confined in unstable equi- 
librium since the strings can slide on the smooth sphere to make a nonconfining 
circle. 

If one node is replaced by a small equilateral triangle, each of the three other 
strings is less than a semicircle and also the sum of two of them and a side of the 
triangle is less than a great circle, so that they cannot slip to make a full great 
circle. Therefore, the length of string needed is 3r+-€ where € is as small as we 
please. There is no shortest length. 


A second solution, unsigned, was received. 
Related Infinite Series 
4888 [1960, 187]. Proposed by Emil Grosswald, University of Pennsylvania 


Determine the values of a for which the following series converge 


1 m—1 4- 1 m—1 
Si(a) = a”, S2(a) = 


Show also for these values of a, S:=log Sy}. 

I. Solution by Robert Weinstock, Oberlin College. Clearly both series converge 
for the same values of a. The ratio test gives e~! as the common radius of con- 
vergence. Application of Stirling’s approximation reveals that [(m+1)"—?/m!e"] 
is asymptotic to (e/+/2x)m-*/?, so that both series converge for | a| Sen, 

Both and S2(a@) are evaluated by Pélya-Szegié: Aufgaben und Lehrsitze, 
abschn. III, problems 209, 210. Indeed, if 8 is the solution of Be-’=a that re- 
duces to zero for a=0, then S,(a) =e’ and S.(a) =8. Thus S.=log Sj, as required. 

II. Solution by S. H. Greene, Moorestown, N. J. Referring to problem 4868 
[1960, 704] we may write 
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Sila) = f(l, a) = S2(a) = aSi(a), 
so that log S;(a@) =aS;(a) = S2(a). 


Also solved by Robert Breusch, L. Carlitz, Jane Evans, N. J. Fine, M. S. Klamkin, Yoshio 
Matsuoka, M. B. Ritterman, E. L. Stout, Alan Wilson, and the proposer. 


A Generalization of Wilson’s Theorem 
4892 [1960, 188]. Proposed by Andrew Kraus, Boulder, Colorado 
Show that if is an odd prime and k21, then 
+ 1) (pt — 1) + = 0 (mod p*”’). 
Note that for k=1 this is Wilson’s theorem. 
Solution by Harley Flanders, University of California, Berkeley. We set 
A, = 1)--- (p* — 1) = 


where B, is the product of those factors divisible by p and C; is the product of 
the remaining factors. Thus 


By = (p*"* + + 2p) -- + ep), 


where p*-!— p*-?—1, (R22), hence By=p%A,_1. Next, we let D, denote 
the product of all whole numbers less than p* which are not divisible by p. 
Clearly and so 


Ay = Dy-1. 


By recursion we have 


A, = pr '-*D,, 
since A,=D, and got 
The numbers 1, 2,---, p*—1 prime to » may be paired according to 


multiplicative inverses modulo p*: xx’=1 (mod p*). Only 1 and p*—1 are their 
own inverses. Hence 


D, = —1 (mod p*), A, = — (mod p*’), 


Also solved by Robert Breusch, L. Carlitz, George Glauberman, Peter Greiner, Emma Leh- 
mer, J. E. Vinson, and the proposer. 
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RECENT PUBLICATIONS 
EDITED BY RICHARD Y. ANDREE, University of Oklahoma 


All books for review should be sent directly to R. V. Andree, Department of Mathematics, 
University of Oklahoma, Norman, Oklahoma, and not to any of the other editors or officers of 
the Association. 


Intermediate Algebra for Colleges. (2nd ed.) By Joseph B. Rosenbach, E. A. 
Whitman, Bruce E. Meserve and Philip M. Whitman. Ginn, Boston, Mass., 
1960. xxxi+315 pp. $5.00. 


This is a second edition of a popular textbook. It is characterized by clear 
exposition of elementary concepts and techniques—mostly the latter. The usual 
material is presented with many illustrations, some “warnings” against usual 
pitfalls and directives for the solution of problems. The theory of exponents is 
presented with more than usual care and the solution of linear and quadratic 
equations is treated algebraically and graphically. Some of the things in this 
book are not to the reviewer's taste; one of his pet peeves is the treatment 
usually accorded determinants in elementary algebra books. Pictures of two- 
and three-rowed determinants are drawn and the crisscross method of evalua- 
tion is given. Not one of the basic properties of determinants is mentioned, 
with the result that the average student gets the impression that a determinant 
is a complicated formula, something like b? —4ac, only worse. The division trans- 
formation is mentioned neither for integers nor for polynomials; it is reduced to 
a recipe for obtaining the answer. Why “for Colleges” is in the title is not clear; 
there is nothing in the book that a high school student should not be expected 
to understand. 

The book is highly teachable, although—in view of all the post-sputnik soul 
searching—the choice of topics does not seem to meet today’s needs. It is high 
time we stop writing algebraic cookbooks and start developing our young stu- 
dents’ reasoning ability and imagination. 

M. S. KNEBELMAN 
Washington State University 


College Arithmetic. By W. I. Layton. Wiley, New York, 1959. ix+200 pp. $3.50. 


This textbook presents a review of traditional elementary school mathe- 
matics, through the eighth grade. It is written in a style suitable for persons of 
college age, and is agreeably concise. It is essentially a “cookbook” survey. In 
mathematical soundness it is on a par with many weak elementary school 
texts. There are sufficiently many exercises, with answers to odds supplied, 
others available separately. 

ROBERT L. SWAIN 
Rutgers, The State University 
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Finite Markov Chains. By J. G. Kemeny and J. L. Snell. Van Nostrand, Prince- 
ton, N. J., 1960. viii+210 pp. $5.00. 


The authors have succeeded in presenting this important subject from a 
fresh and exciting point of view. A number of new and valuable theorems are 
included. Interest builds steadily as one peruses the book. “Peruse” is used 
advisedly; the writing leaves nothing to be desired in clarity, in simplicity in 
the proof, in accuracy of detail, or in organization. While the authors may have 
failed to treat the material so that it is accessible to most undergraduates, their 
avowed purpose to judge from the preface, it is certainly true that any under- 
graduate with sufficient background in probability and matrix theory to follow 
the first chapter (Prerequisites) will certainly experience no difficulty later on. 

There are some minor flaws. These include capricious punctuation, lack of 
references (a few are included near the end of the book), little attention to 
historical development such as the omission of any reference to Ellis’ work on 
the problem of the gambler’s ruin, stating theorems in terms of weak conver- 
gence when strong convergence can be proved, overburdening the text with 
examples, and so on. But these are at worst venial sins and by no means impair 
the general excellence of this individualistic, interesting treatment of Markov 
chains. 

K. A. 
University of Idaho 


Advanced Calculus. By H. K. Nickerson, D. C. Spencer and N. E. Steenrod. 
Van Nostrand, Princeton, N. J., 1959. 540 pp. $6.50. 


Vector analysis was invented by physicists for physicists. The natural beauty 
of this discipline lies in the semiphysical manner in which its theorems are 
“derived” or “proved.” These terms are put in quotes because the derivations 
and proofs which are customarily presented lack mathematical rigor, which is 
largely compensated by invoking physical inspection and intuition. However, 
all these proofs can be made mathematically exact by supplementary addi- 
tional mathematical arguments, but this makes these “proofs” often quite awk- 
ward, which is the reason for not doing the latter in the first place. 

The authors of these lecture notes, which were designed for an Honors Course 
in Advanced Calculus at Princeton University, strip this discipline in their 
“proposition-proof-remark” treatment entirely of its natural beauty by putting 
it into an abstract algebraic setting. (For a detailed account of the content see 
the review in the Bulletin of the American Mathematical Society, vol. 66, 
Number 3, p. 148.) By doing this, they gain mathematical rigor of presenta- 
tion and a rather elegant unification of the entire field, but lose almost every- 
thing that makes vector analysis appealing as a discipline to those with an in- 
clination towards physics. 

HAns SAGAN 
University of Idaho 
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Analytic Trigonometry. By Paul S. Mostert. Prentice-Hall, Englewood Cliffs, 
N. J., 1960. x +166 pp. $3.95. 


This textbook represents a novel departure from the traditional treatment 
of elementary trigonometry. The author has aimed both at a “modern” ana- 
lytical approach and sufficient flexibility to make the book available as a sup- 
porting text for students of the calculus. To achieve these objectives Dr. 
Mostert has sandwiched a brief and rather abstract trigonometry text for be- 
ginners between a chapter on functions and analytic geometry and five dis- 
parate appendices on topics mostly useless for beginners and inadequate for the 
advanced student. 

J. M. FELbD 
Queens College 


Fundamentals of Mathematics. By E. P. Vance. Addison Wesley, Reading, 
Mass., 1960. x +413+56 pp. $7.50. 


The reader familiar with Vance’s Unified Algebra and Trigonometry (re- 
viewed this MONTHLY, vol. 63, 1956, pp. 54-56) will be familiar with about 
seventy-five percent of the book under review since Professor Vance has taken 
the entire contents of his earlier text without appreciable alteration to be the 
backbone of the present text. There has been some rearrangement; the bulk 
of the chapter on identities in the circular functions has been moved into the 
initial chapter on that topic and the sections on progressions have been located 
in various other chapters. The additional material, listed by chapter titles, is: 
Linear Functions (largely introductory analytic geometry); Functions, Limits, 
and Continuity; Derivatives; Applications of Differentiation; Conic Sections; 
and Integration. Also, in appropriate chapters there have been added sections 
on the differentiation of the circular and exponential functions and their in- 
verses. 

In treatment, the added material might be described as an “improved stand- 
ard version” of introductory calculus and analytic geometry. There is no mate- 
rial on sets, logic, or language such as is found in many recent books of similar 
title. One finds out when it is said that one variable y is a function of another 
variable x, but no definition of a function. However, derivatives are developed 
with less recourse to variables than has been common; there are no Ay’s and 
the value of the derivative of f at x is denoted Df(x) or f’(x). Thus, while f, 
Df, f’ do not appear, neither does du, dv, etc. The chapter introducing limits 
appears to be especially clearly and carefully developed (although, the “proposi- 
tion from plane geometry” alluded to on p. 198, while reasonable—even “obvi- 
ous” —will not be recalled explicitly by either students or instructor for good 
reason). 

The user should not fail to note that starred exercises are part of the develop- 
ment of the text. 

R. N. BrRapt 
The University of Kansas 
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Introduction to Higher Mathematics for the General Reader. By Constance Reid. 
Crowell, New York, 1960. 184 pp. $3.50. 


Mrs. Reid has managed to pack an amazing number of interesting and rather 
deep results from various branches of mathematics into this small volume writ- 
ten for the “general reader.” For the most part, she succeeds in explaining 
rather complicated mathematical ideas in language which should be under- 
standable to the intelligent layman. The topics touched on range from the 
theory of numbers through group theory, dimension theory, quaternions, non- 
Euclidean geometries, topology, analytic geometry and calculus to truth tables 
and Turing machines. A few statements intended for the layman will shock the 
mathematician—for example, “Zero, being nothing .. . .” Some awkward con- 
structions and quite a few obscure passages may tend to alienate the reader who 
is concerned about literary style. In spite of these flaws, one must admire this 
attempt to make a great many of the most beautiful achievements of mathe- 
matics accessible to the general reader. 

JEAN M. CALLOWAY 
Carleton College 


Basic Concepts of Elementary Mathematics. By William L. Schaaf. Wiley, New 
York, 1960. 386 pp. $5.50. 


This could have been an excellent text for introducing prospective teachers 
to the foundations of logic, arithmetic, geometry, and algebra. Instead, it is a 
powerful argument in favor of the thesis that such a text should be written 
cooperatively by specialists in education and in mathematics. The author is a 
Professor of Education and, certainly, the text contains a great many clear ex- 
planations, with good illustrative examples; all presented from a viewpoint 
which should be both interesting and useful to a secondary school teacher. Just 
as certainly, much of this viewpoint would have been lost if the author had been 
a mathematician. Unfortunately, there are so many statements which are 
mathematically objectionable that the text might do more harm than good. The 
following four examples may suffice: Page 23: “ .. . equality and inequality are 
transitive [relations].” Page 117: “What [the principle of mathematical induc- 
tion | means, essentially, is this: if whatever holds true for ” also holds true for 
n+1, then it holds true for all ».” Page 149: “... an infinite set can never be 
exhausted by removing one element at a time, nor even by repeated removals 
of subsets, however large.” Page 237: “ .. . if an arbitrary segment is applied to 
the diagonal and to the side of a square, there would always be a remainder in 
the case of the diagonal, even with an infinite number of repetitions.” 

B. H. ARNOLD 
Oregon State College 
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An Introduction to the Calculus of Finite Differences and Difference Equations. By 
K. S. Miller. Holt, Rinehart and Winston, New York, 1960. viii+167 pp. 
$4.50. 


Four chapters are entitled “The Calculus of Finite Differences,” “Infinite 
Products,” “Bernoulli Numbers and Polynomials,” and “Linear Difference 
Equations in the Real Domain.” Exercises at the respective chapter endings 
number 110, 51, 23, and 24; few have answers; several request the proofs of 
results utilized within the chapter. 

The main emphasis of the author is the parallelism between his subject and 
the more familiar discipline which the student has probably already learned: 
analogy between the difference calculus and the differential calculus, between 
the sum calculus and the integral calculus, between infinite products and infinite 
series, between difference equations and differential equations. The comparisons 
are pertinent, although the more traditional material is not demanded as a 
prerequisite. Besides the items mentioned in the chapter titles, some topics 
which receive attention are factorial polynomials, Stirling numbers, the gamma 
and beta functions, the Euler-Maclaurin formula, asymptotic expansions, Stir- 
ling’s formula. Formal manipulation with operators is very limited. 

The preface says that the “mathematical difficulty of the material increases 
throughout the book.” Fully as appropriate would be the warning that the 
mathematical background needed by the reader increases throughout the book. 
In the second chapter about half a page is wasted establishing the continuity 
of the exponential function [“wasted,” because it is difficult to imagine any 
reader plunged so far into the book and so unaware of the basic properties of the 
elementary functions]; by contrast, in the third chapter in a repeated two-fold 
infinite series with both positive terms and negative terms, the order of summa- 
tion is interchanged with the flip of not a single eyelash. 

There are numerous evidences of too little thought devoted by the author 
to his project. In the proof of one theorem (page 43), the necessity and the 
sufficiency are interchanged. An infinite product can converge uniformly on an 
interval even though it fails to converge at every point of the interval. The treat- 
ment accorded to polynomials needs much modernization. In one development 
(page 71), the author motivates by explaining the desirable consequences “if 
we can show that” a certain relation identified as (16) is true; later on, the 
reader finds “To verify ... (16), we have... ”; but (16) never is established! 
[Perhaps this is fortunate, since (16) is false. ] On page 58, we learn that (1) = 1; 
on page 75, three full lines are required to establish the fact that log (1) =0. 

In brief, the worth of the basic theme of analogy has been unfortunately 
marred by the hurried atmosphere of the output. The publishers chose for sub- 
scripts, superscripts, and such symbols a very small-sized type especially de- 
signed to provoke eye-strain. 

R. A. Goop 
University of Maryland, University of Oklahoma 
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Mathematical Statistics. By J. N. Kapur and H. C. Saxena. Chand, Delhi, India, 
1960. 400 pp. Rupees 10.00. 


The first impression one has on opening this book is one of dismay. Com- 
pared with the glossy and opulent appearance of typical American texts, this 
volume with its greyish thin paper, narrow margins, and crowded print looks 
like a shabby poor relation. However, it costs only the equivalent of two Ameri- 
can dollars and it gives a great deal of value for the money. 

The book covers practically all the mathematical statistics taught in Indian 
universities up to the level of the Master’s degree. Readers are supposed to be 
familiar with the calculus up to the B.A. standard (roughly two years of calculus 
here), and a couple of brief appendices deal with Gamma and Beta Functions 
and with the Calculus of Finite Differences. The topics are fairly traditional, 
including frequency distributions, probability, moments and cumulants, dis- 
crete and continuous probability distributions, curve fitting, correlation and 
regression, exact sampling distributions, tests of significance, estimation and 
the testing of hypotheses, and sequential analysis, ending with a few pages on 
distribution-free methods. 

From the point of view of a teacher of statistics, the main value of the book 
lies in the collection of exercises, many of which are taken from Indian examina- 
tion papers. These exercises are of different degrees of difficulty, some providing 
simple and direct applications of theory and some presenting a challenge to the 
brighter students. Anyone looking for problems which are easier than those in 
Kendall’s two big volumes might do worse than use this collection. 

Students attempting to read the book might be put off by the rather numer- 
ous misprints. They should also be warned that the English is by no means a 
model. The word “data” is consistently used as if it were singular and “dice” 
as if it were both singular and plural, and sentences like “Such variation is vari- 
ously called as dispersion, spread, scatter, . . . ” or “The first thing that has been 
dealt in Statistics is how to condense the data... ,” occur frequently. 

The diagram on page 108 labelled “Cauchy’s Curve” is obviously a triangu- 
lar distribution. The authors are occasionally a little too forthright in their 
views, as for example in stating that “The mode is ill-defined, indeterminate 
and indefinite ... . It is not capable of further mathematical treatment.” This 
is not true of many common continuous distributions. With some exercise of 
caution, however, students in a second course in statistics could learn a great 
deal from the many illustrative examples worked out in detail. 

E. S. KEEPING 
The University of Alberta 
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Special Functions. By E. D. Rainville. Macmillan, New York, 1960. 365 pp. 
$11.75. 


From the staggering wealth of material on special functions, the author has 
extracted the pertinent material on fifty of these special functions—those most 
commonly in use—and has emerged with a modest volume which should go 
far in implementing courses on special functions in colleges and universities. 
This is no mere compendium of formulae, but a systematic treatment of the 
special functions singled out for attention together with rigorous proofs of the 
various properties of these functions. Good sets of exercises make this book par- 
ticuiarly attractive as a textbook in a course whose prerequisites should be ad- 
vanced calculus (including a formal treatment of functions of a complex vari- 
able) and differential equations. 

One will find here the basic classical properties of these special functions, 
together with the more recent developments such as the Boas and Buck gener- 
ating functions for polynomials, the Sheffer classification of polynomial sets, 
Brafman’s generating functions for the various classical orthogonal polynomials, 
and Sister Celine’s technique for deriving pure recurrence relations. 

ARTHUR E. DANESE 
Union College 


Differential Equations (2nd ed.). By R. P. Agnew. McGraw-Hill, New York, 
1960. ix+485 pp. $7.50. 


This book is a complete revision of the one by the author on the same subject 
published in 1942. It should prove to be a valuable reference work, as it contains 
much material not ordinarily found in a first text on differential equations, such 
as chapters on Laplace transforms, bending of beams, series expansions of oper- 
ators and the Picard method of approximation. Though the author states that 
a knowledge of the calculus is all that is needed by students who use this as a 
text, it is doubtful that a student with just this background, who does not have 
an exceedingly avid love for mathematics, would be at all happy with this work. 
To appreciate it, one must have a good background in physics and either have 
at hand a knowledge of much advanced mathematics or be willing to learn such 
mathematics in addition to the theory of differential equations. However, the 
exceptional student with the appropriate background and willingness to work 
would have learned a great deal about the theory of differential equations after 
studying this text, but might be weak in ability to mechanically solve a differen- 
tial equation. 

G. SANGER 
Kansas State University 
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Elementary Analysis, A Modern Approach. By H. C. Trimble and Fred W. Lott, 
Jr. Prentice-Hall, Englewood Cliffs, N. J. 1960. xii+621 pp. $6.95. 


This carefully written text is designed to prepare the entering freshman for 
a course in calculus by increasing his understanding of what mathematics really 
is. In addition to the usual topics of the freshman year, the idea of vector is 
introduced, there is a section on matrices, and in an optional chapter a simple 
mathematical structure is developed and the ideas of group and field introduced. 
Set-theoretic language and symbolism are used throughout (no set theory as 
such is included), and functional relationships are presented as sets of ordered 
pairs in a Cartesian product space. In addition, the structure of the set of real 
numbers, as developed in the first two chapters, continues to be a unifying idea 
that is constantly emphasized. 

The style is simple and informal, the treatment thorough, and calculated to 
keep the student thinking. The many problems and exercises are designed to 
increase familiarity or understanding, seldom manipulative skill, and answers 
are given only when the authors feel they are necessary to let the student know 
whether he is on the right track; a few more might be given. 

The reviewer particularly liked the reduction of separate “topics” to a mini- 
mum (e.g., both types of progressions are developed naturally in connection with 
linear and exponential functions, respectively), and also the inclusion of certain 
“exploratory” sections, such as those in which signed, rational, and complex num- 
bers are represented as sets of ordered pairs and their algebraic structures de- 
veloped. 

The material is designed to fill two four-hour semesters, but if it is to be 
followed by an “integrated” calculus course, it appears possible to cut it to 
one such course without sacrificing its most important features. The reviewer 
believes that a good high school teacher, well-trained in traditional mathe- 
matics, could teach the first six chapters of this text (roughly half the material) 
to senior high school students, with profit to all concerned. It would be fun to 
try. 

Bess E. ALLEN 
Wayne State University 


An Introduction to Modern Mathematics. By Robert W. Sloan. Prentice-Hall, 
Englewood Cliffs, N. J., 1960. xi+73 pp. $3.75. 


This small volume (only seventy-three pages) provides a readable introduc- 
tion to many of the up-to-the-minute advances in modern mathematics, includ- 
ing equational and symbolic logic, miniature axiomatic systems, truth sets, 
open sentences, and functions. The author has shown imagination in his choice 
of clever examples, has included sufficient exposition of the basic principles of 
elementary mathematics, and has left out much that is not necessary for a 
student seeking an introduction to modern mathematics. 

The reviewer has found this book particularly useful for two groups of peo- 
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ple, namely, high school students who are interested in modern mathematics but 
do not hear of it in their classes, and college freshmen and sophomores who have 
come through traditional courses in algebra and trigonometry and desire to fill 
in gaps for themselves. Although the book was used in an independent-study 
manner with both of these groups, it could be used to an advantage by high 
school teachers in developing supplementary units in modern mathematics, 
particularly at the senior level. 

VIRGINIA CARLTON 

Centenary College 


Algebra and Trigonometry. By Edward A. Cameron. Holt, Rinehart and Win- 
ston, New York, 1960. xi+290 pp. $5.00. 


This textbook gives a modern treatment of algebra and trigonometry which 
is adequate in content and simple rigor for students who will continue in mathe- 
matics. Brief axiomatic treatments of real numbers, sets, and functions, with 
complex numbers introduced as ordered pairs, enhance the discussions of the 
conventional algebraic material. The trigonometry is presented in two chapters 
using general angles leading to all the standard methods and identities. Included 
are ample lists of exercises in each section, diagrams, graphs, demonstrations, 
tables, answers to odd-numbered exercises, and an index. 

Davip B. DEKKER 
University of Washington 


Axiomatic Set Theory. By Paul Bernays and Abraham A. Fraenkel. Studies in 
Logic and The Foundations of Mathematics. Edited by L. E. J. Brouwer, 
E. W. Beth and A. Heyting. North Holland Publishing Company, Amster- 
dam, 1958. viii+226 pp. $6.00. 


Set theory has come to play a very important role in what is called “modern 
mathematics.” Modern texts are increasingly written from a set-theoretic stand- 
point, but the approach is usually intuitive or, in fact, often quite naive. Intro- 
ductory textbooks leave the impression that although set theory is basic to 
mathematics it is not itself a rigorous mathematical theory. Moreover, the ex- 
citing years when mathematics was in a stage of crisis because of the antinomies 
that resulted from the naive concept of a set have apparently been forgotten. 
It is not widely known that set-theory has many interesting problems and is a 
mathematical system in its own right. Axiomatic Set Theory tries to avoid the 
antinomies on the one hand, to serve as a true basis for classical mathematics 
on the other, and to develop its own results as well. The attempts to provide 
an axiomatic set theory serve to make of axiomatic set theory the “missing 
link” between logic and mathematics. 

The present book is divided into two main parts. Professor Fraenkel has 
written an historical introduction of some 35 pages, while Professor Bernays 
presents a formal system of axiomatic set theory with indications of the method 
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of obtaining cardinal arithmetics and abstract algebras in Chapter VII. The 

book presupposes an acquaintance with the problems of axiomatics. Unfor- 

tunately the rather clumsy English tends to mar an otherwise valuable book. 
Louts O. KATTSOFF 
Boston College 


BRIEF MENTION 


A Collection of Mathematical Problems. By S. M. Ulam. Interscience, New York, 1960. 
xiii+150 pp. $5.00. 


This collection of unsolved problems in various fields of mathematics is truly an out- 
standing contribution. The first 114 pages are devoted to various mathematical problems 
which will try the soul of any mathematician, pure or applied. The last 29 pages are 
devoted to the important changes which modern high speed computers are making in 
mathematical research, in particular with their use as a heuristic aid in enlarging the 
experimental background from which new mathematical theory is projected. This book 
is highly recommended for the private library of every mathematician who has research- 
level students as well as for mathematical libraries and computer laboratories. 


Proceedings of the International Congress of Mathematicians 1958. Edited by J. A. Todd. 
Cambridge University Press, New York, 1960. lxiv-+573 pp. $12.50. 


This is another book which research mathematicians will welcome. The official record 
of the Edinburgh International Congress contains the complete texts of the 17 one-hour 
and the 33 half-hour addresses, as well as a list of the short communications. 


Mathematical Methods and Theory in Games, Programming, and Economics, Volumes I 
and II. By Samuel Karlin. Addison-Wesley, Reading, Mass., 1959. x +433 and xi+ 
386 pp. $10.75 each. 


Volume I is devoted to matrix games, programming, and mathematical economics 
while Volume II considers the theory of infinite games. There is a good deal of hard, 
solid mathematics in these two volumes as well as a wealth of illustrative material. 
Mathematicians who tend to be a bit snobbish about the use of mathematics in the social 
sciences will do well to examine this two-volume work. 


Monograph 17, Theory of Value. By Gerard Debreu. Wiley, New York, 1959. xii+114 
pp. $4.75. 


This axiomatic analysis of economic equilibrium is another publication by the Cowles 
Foundation for Research in Economics at Yale University. The first chapter presents an 
interesting treatment of some of the mathematical background needed by today’s econ- 
omists (sets, functions and correspondences, preordering, limits, continuity, vectors, and 
fixed points). The authors feel that these topics provide a background which permit an 
analysis which is both more natural and more general than that provided through tradi- 
tional calculus courses. 


The Special Theory of Relativity. By J. Aharoni. Oxford University Press, New York, 
1959. viii+285 pp. $7.20. 


A text using tensors and spinors to explain physical theory which satisfy the theory 
of relativity which is developed from its foundations. No pre-knowledge of relativity, 
tensor analysis or group theory is assumed. 
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Theory of Mechanical Vibration. By Kin N. Tong. Wiley, New York, 1960. xii+348 pp. 
$9.75. 


If you wish to see matrices and eigenvalue problems in practical use, this is the book 
for you. The major problems, however, are still stated in terms of partial differential 
equations for elasticity, structural damping and mechanical vibration in general. 


Dimensions, Units, and Numbers in the Teaching of Physical Sciences. By Renée G. Ford 
and Ralph E. Cullman. Bureau of Publications, Teachers College, Columbia Uni- 
versity, New York, 1959. 49 pp. $1.00. 


This is a possible source book for teachers, particularly on the high school level, who 
wish to give a touch of dimension analysis in their courses. Presumably, it will be of more 
use to physics and chemistry teachers than mathematics teachers, but merits mention. 


Advanced Engineering Mathematics (2nd ed.). By C. R. Wylie, Jr. McGraw-Hill, New 
York, 1960. xi+696 pp. $9.00. 


Teachers of engineering mathematics should welcome this enlarged and revised edi- 
tion of Wylie’s book. The main changes in the subject matter include the addition of a 
chapter on determinants and matrices, and one on finite differences. However, other 
chapters have also been expanded and the section on fluid mechanics omitted. 


German-English Mathematics Dictionary. By Charles Hyman. Interlanguage Diction- 
aries Publishing Corp., New York, 1960. 129 pp. $8.00. 


Readers may well be somewhat disappointed in this book, although it is certainly an 
attempt to meet a serious need. Your reviewer has found the list in the back of the new 
James and James Mathematical Dictionary more helpful. 


Symbolic Logic. By Clarence Irving Lewis and Cooper Harold Langford. Dover, New 
York, 1960. 518 pp. $2.00. 


A republication of the authors’ 1932 and earlier works. 


Theory of Probability. By William Burnside. Dover, New York, 1960. 106 pp. $1.00. 
A republication of the 1928 edition of Burnside’s work during the previous decade. 


Guide to Government Grants and Contracts, Federal Agencies Financing Research, Docu- 
ment 14. Social Legislation Information Service, Washington, D. C., 1960. 28 pp. 
$1.00. 


Theory of Differential Equations. By A. R. Forsyth. Dover, New York, 1960. Set of three 
volumes. xiii+344, x+534, and xx+596. $15.00 set. 


This six volume work bound as three volumes contains Forsyth’s treatises originally 
published about the turn of the century. 


The First Six Million Prime Numbers. By C. L. Baker and F. J. Gruenberger. The 
Microcard Foundation, Madison, Wis., 1959. $35.00. 


This is an interesting and somewhat unique presentation of a large volume of tabular 
material. Using an IBM 704, the first six million prime numbers have been computed and 
tabulated on 4,800 pages with 1,250 numbers to a page. On each line of the page the first 
prime is displayed explicitly, the remaining 24 show only their terminal 3 digits. 39 pages 
of tabulation are then reduced photographically and placed on one side of a 3X5 card 
with another 39 tabulation pages on the other side. In this fashion the entire 4,800 pages 
are reduced to 62 cards which are legible using a 5 power magnifying glass. Since a table 
of large prime numbers is not apt to be consulted too frequently, this technique may well 
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be the answer to the librarian’s storage problem. Presumably, if the price could be 
dropped to one third of its present level, many mathematicians would be interested in 
securing copies for their own libraries. 


The Gentle Art of Mathematics. By Dan Pedoe. Macmillan, New York, 1959. 143 pp. 
$3.50. 


Another enjoyable collection of 19th century recreational mathematics suitable for 
light reading. 


String Figures, and Other Monographs. By W. W. R. Ball, J. Petersen, H. S. Carslaw 
and F, Cajori. Chelsea, New York, 1960. 528 pp. $3.95. 


This is actually a collection of four small books published under one cover: String 
Figures by Ball, Methods and Theories for the Solution of Problems of Geometrical Con- 
struction by Petersen, Non-Euclidean Plane Geometry and Trigonometry by Carslaw, and 
A History of the Logarithmic Slide Rule by Cajori. 


How to Organize and Conduct Mathematics Clubs, Bulletin Number 13. By W. W. Sawyer. 
Department of School Services and Publications, Wesleyan University Press, Educa- 
tion Center, Columbus 16, Ohio. Free. 


Dr. Sawyer’s gifted pen gives considerable encouragement to those wishing to organ- 
ize high school mathematics clubs. The National High School and Junior College Mathe- 
matics Club, Mu Alpha Theta, which is sponsored by the Mathematical Association of 
America, is credited with being “an extremely helpful organization” in this pamphlet, 
but the bulletin should prove interesting and useful for any high school teacher of mathe- 
matics. Our sincere congratulations to Dr. Sawyer and to Wesleyan University Press for 
making this bulletin available without charge. 


Five Little Stories. By William W. Strader. National Council of Teachers of Mathe- 
matics, Washington, D. C., 1960. 16 pp. 50¢. 


Possibly a little elementary even for high school students, but if even one student 
becomes interested in a mathematical problem through this book, your fifty cents is 
well spent. 


NEWS AND NOTICES 
Epitep By LLoyp J. MontTzINGO, JR., University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to L. J. Montzingo, Jr., Mathematical Association of America, University of 
Buffalo, Buffalo 14, New York. Items must be submitted at least two months before publication 
can take place. 


PERSONAL ITEMS 


Professor Leo Moser, University of Alberta, Edmonton, Alberta, Canada, has been 
elected a Fellow of the Royal Society of Canada. 

Dr. Katharine E. O’Brien, Head of the Department of Mathematics at Deering High 
School, Portland, Maine, received an honorary degree of Doctor of Science in Education 
from the University of Maine, August, 1960. 

Professor J. B. Rosser, Cornell University, has been appointed Chairman of the 
Division of Mathematics of the National Academy of Sciences—National Research 
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Council, to succeed Professor S. S. Wilks of Princeton University. 

Arizona State University: Associate Professors E. D. Nering, University of Arizona, 
and Simon Green, Assumption University of Windsor, Windsor, Ontario, Canada, have 
been appointed Professors; Associate Professor B. M. Ingersoll, Lamar State College of 
Technology, has been appointed Associate Professor; Mr. R. W. Sanders, Lockheed 
Aircraft Corporation, Palo Alto, California, has been appointed Assistant Professor. 

Auburn University: Dr. Emilie Haynsworth, Bureau of Standards, Washington, D. C., 
has been appointed Associate Professor; Mr. W. D. Ray, Arizona State University, 
has been appointed Instructor; Associate Professors R. W. Ball and L. P. Burton have 
been promoted to Professors; Professor W. W. Wilson has retired as a member of the 
Mathematics Staff and is teaching at Millsaps College this year. 

Boston College: Dr. G. G. Bilodeau, Sylvania Electronics Systems, Waltham, 
Massachusetts, has been appointed Assistant Professor; Mr. P. J. Sally, Jr., Brandeis 
University, has been appointed Instructor; Associate Professor J. A. Sullivan, University 
of Notre Dame, has been appointed Professor. 

Bowling Green State University: Dr. R. N. Townsend, San Jose State College, has 
been appointed Assistant Professor; Mr. J. W. Ridge, West Virginia University, has been 
appointed Intern Instructor. 

Brigham Young University: Mr. Kenneth Larsen, University of California, Los 
Angeles, has been appointed Assistant Professor; Mr. Gurcharin Gill, University of 
Utah, Mr. Richard Davidson, and Mr. Burton Gee, Murray Hill High School, Provo, 
Utah, have been appointed Instructors. 

Butler University: Mr. Robert Lamberson, Purdue University, has been appointed 
Instructor; Assistant Professor Juna L. Beal retired June, 1960. 

Carnegie Institute of Technology: Dr. R. N. Pederson, Massachusetts Institute of 
Technology, has been appointed Assistant Professor; Dr. Michael Branson, University 
College, London, England, has been appointed Research Mathematician; Assistant 
Professors R. A. MacCamy, A. D. Martin, R. A. Moore and A. F. Strehler have been 
promoted to Associate Professors; Associate Professors Walter Noll and Alan Perlis 
have been promoted to Professors. 

Case Institute of Technology: Mr. Martin Levy, Sacramento State College, has been 
appointed part-time Instructor; Assistant Professor Bayard Rankin has been promoted 
to Associate Professor; Professor R. A. Clark has been appointed Acting Head of the 
Department of Mathematics; Professor Max Morris was given the title Professor 
Emeritus in July, 1960, but still continues his teaching duties. 

Colorado State University: Professor F. A. Graybill, Oklahoma State University, 
has been appointed Professor; Mr. M. S. Blevins and Mr. K. J. Whitcomb have been 
promoted to Assistant Professors; Assistant Professors W. C. Butler, L. C. Hayward, 
R. H. Niemann, and J. M. Staley have been promoted to Associate Professors; Associate 
Professor M. L. Madison has been promoted to Professor. 

Dartmouth College: Professor L. A. Henkin, University of California, Berkeley, has 
been appointed Visiting Professor; Dr. D. L. Kreider, Massachusetts Institute of Tech- 
nology, has been appointed Assistant Professor; Mr. R. I. Ritchie, Princeton University, 
has been appointed Resident Instructor; Assistant Professor Mirkil has been promoted 
to Associate Professor. 

Grinnell College: Professor Emeritus E. S. Allen, Iowa State University, has been 
appointed Visiting Professor; Associate Professor L. E. Pursell has been appointed Chair- 
man of the Department of Mathematics. 

Georgetown University: Mr. M. R. Mullen and Mr. J. R. Hock, Catholic University, 
have been appointed Instructors; Assistant Professor A. K. Aziz has been awarded a 
research fellowship sponsored jointly by the National Academy of Science and the 
United States Naval Ordnance Laboratory and will be on leave of absence for 1960-61. 
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Hampton Institute: Miss Geraldine C. Darden and Mr. S. A. Phelps have been ap- 
pointed Instructors. 

Kansas State University: Miss Beatrice L. Hagen, Pennsylvania State University, 
has been appointed Temporary Associate Professor; Assistant Professor R. L. Yates, 
University of Houston, and Dr. J. W. Meux, University of Florida, have been appointed 
Assistant Professors; Mr. L. W. Manuel, University of Illinois, Mr. M. H. Miller, lowa 
State University and Mr. J. A. Smith, Ball State Teachers College, have been appointed 
Instructors; Professor R. W. Babock has retired with the title Professor Emeritus. 

McMaster University: Assistant Professor G. O. Sabidussi, Tulane University, has 
been appointed Associate Professor; Mr. J. D. Kenworthy, Oxford University, Oxford, 
England, has been appointed Assistant Professor; Mr. I. Z. Chorneko, University of 
Alberta, Edmonton, Alberta, Canada, and Mr. H. L. Jackson, University of Illinois, 
have been appointed Lecturers; Assistant Professor W. J. McCallion has been promoted 
to Associate Professor. 

New Mexico State University: Dr. J. M. Irwin and Dr. E. D. Gaughan, University of 
Kansas, have been appointed Assistant Professors; Mr. Louis Child retired June, 1960. 

Northwestern University: Dr. Hsin Chu, University of Michigan, Assistant Professor 
D. S. Greenstein, University of Michigan, and Dr. A. I. Weinzweig, University of Cali- 
fornia, Berkeley, have been appointed Assistant Professors; Drs. R. J. Crittenden, 
Wellesley College, Michael Geraghty, Northwestern University, and Edward Kobayashi, 
University of Washington, have been appointed Visiting Assistant Professors; Dr. 
Kenneth Mount, University of California, Berkeley, has been appointed Instructor; 
Associate Professor Hidehiko Yamabe, University of Minnesota, has been appointed 
Professor; Associate Professors Teruhisa Matsusaka and Daniel Zelinsky have been 
promoted to Professors; Professor H. T. Davis retired September 1, 1960 and now is at 
Southwest Foundation for Research and Education, San Antonio, Texas. 

St. Lawrence University: Mr. J. J. Kinney, Instructor, has been promoted to Assistant 
Professor; Associate Professor F. C. Warner has been promoted to Professor. 

South Dakota School of Mines and Technology: Assistant Professor D. C. Benson, 
Chico State College, has been appointed Associate Professor; Professor L. C. Barrett 
has been appointed Head of the Department of Mathematics. 

State University of Iowa: Assistant Professors D. W. Wall, University of North 
Carolina, and Hiroshi Uehara, University of Southern California, have been appointed 
Associate Professors; Dr. Motoyoshi Sakuma, Tokushima University, Tokushima City, 
Japan, has been appointed Visiting Lecturer for the academic year 1960-61; Mr. J. C. 
Hickman has been appointed Instructor; Assistant Professor S. K. Berberian has been 
promoted to Associate Professor. 

State University of South Dakota: Mr. Robert Walter and Mr. Robert Schwabauer, 
University of Nebraska, have been appointed Instructors. 

Stevens Institute of Technology: Mr. J. F. Manogue, City College of New York, has 
been appointed Assistant Professor; Professor Ainsley Diamond, Webb Institute, has 
been appointed Professor; Associate Professor N. J. Rose has been promoted to Professor 
and Head of the Department of Mathematics; Assistant Professors P. D. Ritger and 
Lawrence Goldman have been promoted to Associate Professors. 

United States Military Academy: Associate Professor J. S. B. Dick has been promoted 
to Professor and appointed Deputy Head of the Department of Mathematics; Assistant 
Professors G. W. Bixby and R. E. Plett have been appointed Associate Professors. 

United States Naval Academy: Mr. E. P. Berger and Mr. D. L. Muench have been 
appointed Assistant Professors; Associate Professors J. M. Home and J. F. Paydon have 
been promoted to Professors; Assistant Professor Richard Molloy has been promoted 
to Associate Professor. 

University of Alaska: Mr. E. J. Gauss, University of California, Los Angeles, has been 
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appointed Assistant Professor; Mr. Donval Simpson, Appalachian State Teachers Col- 
lege, has been appointed Instructor. 

University of Alabama: Professor R. W. Bagley, Mississippi Southern College, has 
been appointed Associate Professor; Dr. W. L. Wilson, Jr., North American Aviation 
Corporation, Los Angeles, California, has been appointed Assistant Professor; Mrs. 
Ayrlene M. Jones is on leave this year as Associate Professor at Millsaps College; Associ- 
ate Professor H. C. Filgo, Jr., is on leave this year as Visiting Professor at the University 
of Georgia. 

University of Alberta: Professor S. M. Shah, Northwestern University, has been 
appointed Visiting Professor; Dr. W. F. Sharp, Atomic Energy of Canada, Limited, 
Chalk River, Ontario, Canada, has been appointed Associate Professor; Dr. R. G. 
Sinclair, Massachusetts Institute of Technology, has been appointed Assistant Professor; 
Associate Professor Leo Moser has been promoted to Professor. 

University of Buffalo: Mr. R. J. Benice, Harvard University, Dr. Judith R. Blank- 
field, University of Illinois, and Mr. William Young, Pennsylvania State University, have 
been appointed Instructors. 

University of California, Davis: Dr. D. A. Pope, University of Minnesota, has been 
appointed Associate Professor and will direct activities at the computing Center; Dr. 
Kurt Kreith, University of California, Berkeley, has been appointed Assistant Professor; 
Assistant Professor Takayuki Tamura, Tokushima University, Tokushima City, Japan, 
has been appointed Lecturer. 

University of California, Los Angeles: Professor S. T. Hu, Wayne State University, 
and Associate Professor H. A. Dye, University of lowa, have been appointed Professors; 
Associate Professors R. M. Redheffer and E. G. Straus have been promoted to Professors. 

University of Hawaii: Mrs. Shirley O. Hockett, Cornell University, and Mrs. Elaine 
La V. Tathum, University of Kansas, have been appointed Instructors; Assistant Pro- 
fessor Hiroshi Yamuchi has been promoted to Associate Professor. 

University of Michigan: Associate Professor H. H. Schaefer, Washington State Uni- 
versity, has been appointed Associate Professor; Professors Lamberto Cesari, University 
of Wisconsin, Mathematics Research Center, and L. J. Savage, University of Chicago, 
have been appointed Professors; Drs. A. J. Cohn, Harvard University, L. C. Eggan, Uni- 
versity of Oregon, and C. N. Lee have been appointed Instructors; Drs. D. R. Hughes, 
University of Chicago and G. J. Minty, University of Washington, have been appointed 
Assistant Professors; Dr. W. M. Kincaid has been promoted to Assistant Professor; 
Assistant Professors D. G. Higman, R. K. Ritt, A. L. Shields, C. J. Titus and Oscar 
Wesler have been promoted to Associate Professors; Associate Professor W. J. Leveque 
has been promoted to Professor; Professor H. C. Carver retired September, 1960. 

University of Montreal: Dr. Aubert Daigneault, Royal Military College, Kingston, 
Ontario, Canada, has been appointed Assistant Professor; Associate Professor Jacques 
St-Pierre has been promoted to Professor. 

University of New Mexico: Assistant Professors James Abbott and Judah Rosenblatt, 
Purdue University, and Heinz Renggli, Rutgers University, have been appointed Asso- 
ciate Professors; Mr. Edwin Wagner, University of Nevada, has been appointed In- 
structor; Associate Professor F. C. Gentry has been promoted to Professor. 

University of Oklahoma: Dr. G. M. Ewing, Fort Sill, Oklahoma, has been appointed 
Professor; Professor H. V. Huneke, University of Wichita, has been appointed Associate 
Professor; Dr. J. C. Mathews, Iowa State University, has been appointed Assistant 
Professor. 

University of Ottawa: Dr. G. J. van der Maas, Kansas State College, has been ap- 
pointed Associate Professor; Dr. D. B. J. Tomiuk, Fordham University, has been ap- 
pointed Assistant Professor. 

University of Saskatchewan: Associate Professor A. P. Guinand, University of Alberta, 
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has been appointed Professor; Assistant Professor Naoki Kimura, University of Wash- 
ington, and Dr. C. L. Kaller, Purdue University, have been appointed Assistant Pro- 
fessors; Assistant Professor S. A. Husain, University of Seattle, has been appointed 
Special Lecturer; Mr. Lucio Artiaga, Nova Scotia Tumour Clinic, Halifax, and Mr. 
W. W. Zwirner, University of Saskatchewan, have been appointed Instructors. 

University of Washington: Dr. T. K. Boehme, California Institute of Technology, 
and Mrs. Jean Butler, University of Arizona, have been appointed Instructors; Dr. P. L. 
Crawley, California Institute of Technology, has been appointed Research Assistant 
Professor; Drs. Ludwig Danzer, Munich Institute of Technology, Munich, Germany, 
Branko Grunbaum, University of Kansas, and Veeravalli Varadajan, Princeton Uni- 
versity, have been appointed Visiting Assistant Professors; Dr. Anne Morel, Institute for 
Advanced Study, has been appointed Associate Professor; Dr. Gerald Paulick, University 
of Chicago, and Dr. Kenneth Ross have been appointed Research Instructors; Assistant 
Professor Ronald Pyke, Columbia University, and Dr. R. W. Richardson, Jr., Princeton 
University, have been appointed Assistant Professors; Dr. Jack Segal, University of 
Georgia, has been appointed Instructor; Dr. J. L. Selfridge, International Business 
Machines, Yorktown Heights, New York and Professor Mavek Fisz, University of War- 
saw, Poland, have been appointed Visiting Associate Professors; Assistant Professors 
J. M. G. Fell, R. K. Getoor, and J. P. Jans, have been promoted to Associate Professors; 
Associate Professors E. A. Michael and R. S. Pierce have been promoted to Professors; 
Drs. Kathleen B. O’ Keefe and W. B. Woolf have been promoted to Assistant Professors. 
On leave for 1960-61 are: Professor Z. W. Birnbaum, Guggenheim Fellowship; Associate 
Professor J. M. G. Fell, N. S. F. Grant, Harvard University; Professor E. A. Hewitt, 
N.S.F. Senior Post-Doctoral Fellowship; Associate Professor J. P. Jans, Air Force Re- 
search Associateship, Princeton University; Professor E. A. Michael, Guggenheim Fel- 
lowship, Institute for Advanced Study; and Assistant Professor J. H. Walter, Visiting 
Assistant Professor, University of Chicago. 

University of Western Ontario: Dr. James Talman, American University, Beirut, 
Lebanon, has been appointed Assistant Professor; Mr. C. M. Glennie, Yale University, 
has been appointed Instructor; Dr. J. H. Blackwell has been appointed Lecturer. 

Utah State University: Dr. N. C. Hunsaker, Head of the Department of Mathematics, 
has returned from his leave at the University of Illinois; Professor V. H. Tringey retired 
in June, 1960. 

Vanderbilt University: Dr. G. F. Clanton, University of Minnesota, has been ap- 
pointed Assistant Professor; Assistant Professors B. F. Bryant and J. R. Wesson have 
been promoted to Associate Professors. 

Woman's College, University of North Carolina: Mrs. Ruby B. Smith, Asheboro High 
School, Asheboro, North Carolina and Mr. J. D. Jones, University of North Carolina, 
have been appointed Instructors; Professor Helen Barton, Head of the Department of 
Mathematics, retired July 1, 1960, with the title Professor Emeritus and has accepted a 
part-time teaching appointment for this year. 

Mr. Walter Abramowitz, Control Instrument Company, Incorporated, Brooklyn, 
New York, has accepted a position as Research Engineer with the Grumman Aircraft 
Engineering Corporation, Bethpage, Long Island, New York. 

Mrs. Sarabeth T. Barnes, University of Minnesota, has accepted a position as In- 
structor at Montana State College. 

Assistant Professor E. H. Batho, University of Rochester, has been appointed 
Associate Professor at the University of New Hampshire. 

Assistant Professor P. R. Beesack, McMaster University, Hamilton, Ontario, Canada, 
has been appointed Associate Professor at Carleton University, Ottawa, Canada. 

Dr. L. N. Bidwell, University of Pennsylvania, has been appointed Assistant Pro- 
fessor at Haverford College. 
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Miss Anne E. M. Bode, University of Saskatchewan, Saskatoon, Saskatchewan, 
Canada, has been appointed Instructor at Huron College. 

Professor L. H. Bunyan, Rutgers University, has been appointed Professor at the 
College of William and Mary in Norfolk. 

Associate Professor J. H. H. Chalk, McMaster University, Hamilton, Ontario, 
Canada, has been appointed Associate Professor at the University of Toronto, Toronto, 
Ontario, Canada. 

Dr. Roger Chalkley, University of Cincinnati, has been appointed Assistant Professor 
at Knox College. 

Mr. V. G. Child, University of Kansas, has been appointed Teacher, Department of 
Army, Washington, D. C. 

Professor Esther Comegys, University of Maine, has been appointed Lecturer at 
Wellesley College. 

Mr. C. R. Deeter, University of Kansas, has been appointed Assistant Professor at 
Texas Christian University. 

Associate Professor F. C. DeSua, Northern Illinois University, has been appointed 
Professor and Chairman of the Department of Mathematics at Simmons College. 

Assistant Professor E. J. Downie, Colgate University, has been promoted to Associate 
Professor. 

Mr. Herbert Farkas, Brandeis University, has been appointed Instructor at Illinois 
Institute of Technology. 

Dr. R. W. Heath, Woman’s College, University of North Carolina, has been ap- 
pointed Assistant Professor at the University of Georgia. 

Associate Professor G. K. Horton, University of Alberta, Edmonton, Alberta, 
Canada, has been appointed Professor of Theoretical Physics at Rutgers University. 

Associate Professor C. W. Huff, Auburn University, has been appointed Professor 
at Winthrop College. 

Miss Rora F. Iacobacci, University of Pennsylvania, has been appointed Lecturer at 
Hunter College. 

Mr. J. J. Kim, Eastern New Mexico University, has accepted a position as Actuarial 
Student with the Aetna Life Insurance Company, Hartford, Connecticut. 

Assistant Professor R. M. Kozelka, Williams College, has been promoted to Associate 
Professor. 

Dr. H. P. Kuang, Agricultural & Technical College of North Carolina, has been 
appointed Professor at the North Dakota Agricultural College. 

Assistant Professor A. E. Livingston, University of Washington, has been appointed 
Chairman of the Department of Mathematics at Montana State University. 

Dr. F. P. Palermo, University of Michigan, has accepted a position as Staff Mathe- 
matician with the International Business Machines Corporation, Yorktown Heights, 
New York. 

Mr. D. L. Persico, Lockheed Aircraft Company, Burbank, California, has accepted 
a position as Research Engineer with Rocketdyne Incorporated, Division of North 
American Aviation, Canoga Fark, California. 

Professor R. S. Phillips, Uviversity of California, Los Angeles, has been appointed 
Professor at Stanford University. 

Mr. P. E. Reed, Geneva Public High Schools, has been appointed Instructor at 
Hobart College. 

Dr. James Reid, University of Washington, has been appointed Instructor at Syra- 
cuse University. 

Mr. L. H. Rhodes, II, Holloman Air Force Base, New Mexico, has accepted a position 
with the Sales Support Division of Remington Rand UNIVAC, Dallas, Texas. 

Mr. G. R. Rising, Greece Olympia High School, Rochester, New York, has been ap- 
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pointed Mathematics Coordinator for the Norwalk Public Schools, Norwalk, Con- 
necticut. 

Dr. D. J. Schaefer, Ohio State University, has accepted a position as Research 
Engineer with the Lockheed Aircraft Company, Santa Cruz, California. 

Dr. S. A. Schelkunoff, Bell Telephone Laboratories, Murray Hill, New Jersey, has 
been appointed Professor of Electrical Engineering at Columbia University. 

Dr. Tetsundo Sekiguchi, Oklahoma State University, has been appointed Assistant 
Professor at the University of Arkansas. 

Dr. Richard Sheer, University of New Mexico, has been appointed Assistant Profes- 
sor of Philosophy at South Dakota State College. 

Dr. D. R. Shreve, Oklahoma State University, has joined the staff of North Carolina 
State College as Head of the Computing Laboratory. 

Sister Marie Blanche, Notre Dame University, has been appointed Chairman of the 
Department of Mathematics at Providence High School, Chicago, Illinois. 

Sister Mary Canisia, Holy Name Academy, Chicago, Illinois, has been appointed 
Vice-President and Chairman of the Department of Mathematics at DeLourdes College. 

Professor M. F. Smiley, State University of Iowa, has been appointed Professor at 
the University of California, Riverside. 

Mr. R. K. Smith, Space Technology Laboratories, Los Angeles, California, has ac- 
cepted a position as Research Specialist with the Boeing Airplane Company, Seattle, 
Washington. 

Professor H. P. Thielman, Iowa State University, has accepted a position as Mathe- 
matician, Technical Staff, with the Land-Air, Incorporated, Pacific Missile Range, 
Point Mugu, California. 

Assistant Professor W. C. Turner, Baylor University, has been appointed Assistant 
Professor at the College of William and Mary. 

Mr. George Van Zwalenberg, Bowling Green State University, has been appointed 
Lecturer at Calvin College. 


Associate Professor W. L. Fields, Hampton Institute, died May 29, 1960. He was a 
member of the Association for nineteen years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NEW MEMBERS, 


Professor Henry L. Alder, Secretary, announces that the following 44 persons have 
been elected to membership by the Board of Governors on applications duly certified. 


Rocer C, ALLEN, Student,Oklahoma Mrs. Barsara C. Brack, B.S. (Flor- 
State University 

Davin H. ALspauGH, Student, South- 
west Missouri State 


Johns) Jr. Operations Research 
ida A & M) Instr., Florida A Analyst, I.B.M. Corp., Owego 
and M University Lionet E. Crarxe, Ph.D. (Cam- 

Joun E. Bucuanan, B.S. (Purdue) bridge) Senior Lecturer, Univer- 


James P. ANDERSON, M.S. (S. Caro- 
lina) Asst. Prof., College of 
Charleston 

Arxko, Diploma (Ljubljana) 
Teacher, LaJunta High School, 
Colorado 


Grad. Student, Purdue Univer- 


sity 

Rosert A. Button, B.S. (Washing- 
som) Instr., Olympic Junior Col- 
lege 

Vincent A, M.S. (St. 


sity College of Ghana 

James M. Dickey, III, Student, Uni- 
versity of Redlands 

Mrs. Dorotuy A.B. (Rock- 
ford Coll.) Teacher, Pandora 
Gilboa High School, Ohio 
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AnDREw E, Forp, Jr. B.A. (Wes- 
leyan) Editor, John Wiley & 
Sons, Inc. 

Marvin GoopMan, M.S. (New York) 
Teacher, Jamaica High School, 
Queens, New York 

J. HiGutower, B.S. (Arkan- 
sas) Grad. Asst., Tulane Uni- 
versity 

Joun W. Hooker, M.A. (Minnesota) 
Asst. Prof., State University of 
New York, College of Education 
at Oswego 

LeonarD R. Howett, Jr., M.S. 
(Emory) Instr., '). S. Air Force 
Academy, Colorado 

STEVEN L. Hunt, Student, Michigan 
State University, Oakland 

Gary Don Jounson, B.S. (Stanford) 
Grad. Student, University of Cal- 
fornia, Los Angeles 

BJARNE JUNGE, B.Se. (California) 
Asso. Engr., 1.B.M. Corp., San 


ose 

M._ Kantor, Student, 
Brooklyn College 

Barry Kree., B.S. (Witwatersrand) 
Master, Fletcher High School, 
Gwelo, Southern Rhodesia 

RicHarD W. LamsBert, B.S. (Oregon 
State Coll.) Teacher, David 
Douglas High School, Portland, 
Oregon 


Metvva S. Lynn, M.A. (California) 
Grad. Research Mathematician, 
University of California, Los 
Angeles 

Mrs. June R, MALAN, M.S. (Kan- 
sas) Teacher, Harrisburg Town- 
ship High hool, Illinois 

Ket E. Morris, A.A. (Long Beach 
Coll.) Electronic Research 
Mech., Autonetics 

RAYMOND J. NADEAU, B.Sc. (Alberta) 
Vice-Principal, Barrhead Senior 
High School, Alberta 

Vance D. Norvum, M.S. (Wisconsin) 
Member, Tech. Staff, Space 
Technology Labs. 

Epcar M. Patmer, M.S. (Trinity 
Coll.) Teaching Fellow, Univer- 
sity of Michigan 

Jon PETERSEN, Student, Stan- 
ford University 

Joun A. Peterson, M.A. (Montana 
State) Asst. Prof., Montana 
State University 

James L. Purpy, M.S. (Iowa) Actu- 
arial Analyst, Travelers Insu- 
rance Co. 

Joun D. RANDALL, M.A. (Long 
Beach Coll.)  Instr,, Cerritos 
College 

Harry D. RENICK, B.A. (Seattle Pa- 
cific Coll.) Grad. Student, Uni- 
versity of Washington 
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Jack M. Reicuson, Adj.A, (Har. 
vard) Mathematician, Raytheon 

RAYMOND H. Rotwinc, M.S. (Notre 
Dame) Instr., University of Cin- 
cinnati 

LeRoy Sature, M.S, (Florida) Re- 
search Engr., Autonetics 

Dr. Sitvan S. ScCHWEBER, Ph.D, 
(Princeton) Chairman, Dept. of 
Physics, Brandeis University 

MARK SHEINGORN, Student, George 
Washington High School, New 
York City 

SisTER Mary A.oysius, M.A, (Chi- 
cago) Teacher, Academy of the 
Holy Angels, Minneapolis, Min- 
nesota 

LAWRENCE J. SKANE, Student, Fair- 
field University 

Roperta D. Situ, A.B. (Win- 
throp) Teacher, University High 
School, Columbia, South Caro- 
lina 

Mrs. Ipa A. Sussman, M.A. (Co- 
lumbia) Instr., Hunter College 

ALEx R. Tuomas, JR., M.S. (Trinity) 
Instr., Trinity University 

Cari W, Z1EGLeER, M.E. (S. Dakota) 
Teacher, Sioux Falls Independ- 
ent School District, South Da- 
kota 


THE CONFERENCE BOARD AND THE WASHINGTON OFFICE 


The Conference Board of the Mathematical Sciences had its origin in the War Policy 
Committee,* which was appointed by the American Mathematical Society and the 
Mathematical Association of America at the end of 1942 to deal with some of their com- 
mon problems which arose out of World War II. The War Policy Committee was sup- 
ported by a grant from the Rockefeller Foundation. The war over, the War Policy Com- 
mittee was discharged in November, 1945. The American Mathematical Society im- 
mediately took the lead in the formation of the Mathematical Policy Committee, usually 
known simply as the Policy Committee.f This Committee grew and eventually had six 
of the mathematical organizations as its members. 

In 1958 the Policy Committee was developed into the Conference Organization of 
the Mathematical Sciences, and a constitution and by-laws were drawn up. In December, 
1958, the Mathematical Association of America received a grant from the Carnegie 
Corporation of New York for the establishment of a Washington Office. At its Salt Lake 
City meeting in 1959 the Association recommended that the Washington office be estab- 
lished by the Conference Organization with the Carnegie grant. The Conference Organi- 
zation accepted the responsibility for establishing the Washington Office with the 
Carnegie grant, and on February 25, 1960, the Conference Organization was incorporated 
in the District of Columbia with the new name Conference Board of the Mathematical 
Sciences. G. Baley Price, who had been appointed the first Executive Secretary, opened 
the Washington office on July 1, 1960. 

The Conference Board of the Mathematical Sciences has six member organizations 
and no individual members. The six member organizations are the American Mathe- 
matical Society, the Association for Symbolic Logic, the Institute of Mathematical 
Statistics, the Mathematical Association of America, the National Council of Teachers 


* The history of the War Policy Committee is sketched in the following references: this 
MonTRLy, vol. 50 1943, pp. 138, 205, 466, 593; vol. 51 1944, pp. 112-115, 549; vol. 52 1945, p. 115. 
Bulletin of the American Mathematical Society, vol. 49, 1943, p. 199. 

t The first reference to the formation of the Policy Committee occurs in the report of “The 
Twenty-Ninth Annual Meeting of the Association,” this MONTHLY, vol. 53 1946, p. 178. 
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of Mathematics, and the Society for Industrial and Applied Mathematics. 

The Washington Office will not be involved in any way in the operation of the ac- 
tivities of the member organizations, and it is not expected that any of the activities of 
the member organizations will be transferred to the Washington Office or to the Con- 
ference Board. 

The Washington Office will gather information about events and developments, 
especially those in Washington, which concern mathematics, and will relay this informa- 
tion to those member organizations, mathematicians, and others who may wish to 
receive it. 

The Washington Office will supply information and help on mathematical matters 
as the opportunity arises. Furthermore, in carrying out this function, the Washington 
Office will arrange for assistance from the member organizations and individual mathe- 
maticians as the situation demands and opportunity permits. Member organizations 
may request the assistance of the Washington Office. 

From time to time the Washington Office will manage or operate special projects 
which are compatible with the purposes and functions of the Conference Board and which 
will serve the common interests of the member organizations. These projects may be 
supported by contracts or grants from foundations, government agencies, or other 
organizations. 

The management of the Conference Board is vested in its Council, which consists of 
two representatives from each of the member organizations and of six representatives at 
large. The officers of the Conference Board are the following: Chairman, S. S. Wilks; 
Secretary, J. R. Mayor; Treasurer, A. E. Meder, Jr.; Executive Secretary, G. B. Price. 
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Nesbitt, C. D. Olds, William R. Orton, Jr., Roger C. Osborn, Charles Osgood, C. M. 
Petty, Edmund Pinney, H. O. Pollak, M. H. Protter, Hans Rademacher, E. Rainville, 
R. Ree, W. T. Reid, Russell Remage, R. A. Restrepo, Donald E. Richmond, John 
Riordan, Gerald S. Rogers, R. Rosenbaum, J. P. Roth, Walter Rudin, Charles Saltzer, 
R. D. Schafer, E. M. Scheuer, H. Schwerdtfeger, James E. Scroggs, C. L. Seebeck, Jr., 
Robert T. Seeley, John L. Selfridge, M. Sholander, E. Silverman, J. L. Snell, Louis 
Solomon, M. R. Spiegel, R. L. Stanley, Frederick H. Steen, Hugh E. Stelson, Robert R. 
Stoll, W. L. Strother, D. J. Struik, Earl J. Taft, Angus E. Taylor, George B. Thomas, 
Marvin Tomber, Leonard Tornheim, H. G. Tucker, H. L. Turrittin, B. Vinograde, 
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CALENDAR OF FUTURE MEETINGS 


Forty-fourth Annual Meeting, Willard Hotel, Washington, D. C., January 25-27, 


1961. 


Forty-second Summer Meeting, Oklahoma State University, Stillwater, Oklahoma, 


August 28-31, 1961. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MountTAINn, West Virginia Uni- 
versity, Morgantown, May 6, 1961. 

ILLiNo!Is, University of Illinois, Urbana, May 
12-13, 1961. 

INDIANA, Rose Polytechnic Institute, Terre 
Haute, May, 1961. 

Iowa, Simpson College, Indianola, April 14, 
1961. 

Kansas, Ottawa University, April 15, 1961. 

Kentucky, Western Kentucky State College, 
Bowling Green, Spring, 1961. 

LovuIsIANA-MIssIssIPP!I, Buena Vista Hotel, 
Biloxi, Mississippi, February 17-18, 1961. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEW YorRK 

MIcHIGAN, Wayne State University, Detroit, 
March 25, 1961. 

MINNESOTA 

Missour!, University of Missouri, Columbia, 
April 22, 1961. 

NEBRASKA, University of Nebraska, Lincoln, 
April 15, 1961. 

NEW JERSEY 


NORTHEASTERN 

NORTHERN CALIFORNIA, San Jose State College, 
January 14, 1961. 

Ox10, Ohio Wesleyan University, Delaware, 
May 6, 1961. 

OKLAHOMA 

Paciric NORTHWEST, University of Washing- 
ton, Seattle, June 17, 1961. 

PHILADELPHIA 

Rocky MovuntTain, University of Colorado, 
Boulder, April 28-29, 1961. 

SOUTHEASTERN, Wofford College, Spartanburg, 
South Carolina, April 7-8, 1961. 

SOUTHERN CALIFORNIA, University of Cali- 
fornia, Santa Barbara, March 11, 1961. 

SOUTHWESTERN, University of Arizona, Tucson, 
April, 1961. 

Texas, Stephen F. Austin State College, 
Nacogdoches, April 14-15, 1961. 

Upper New York State, Harpur College, 
Binghamton, April 29, 1961. 

WISCONSIN, University of Wisconsin, Madison, 
May 13, 1961. 


are, 


Experienced APPLIED 
MATHEMATICIANS 
Preferably With Ph D 


You are invited to consider positions now available in a new 
applied mathematics group being formed within General 
Electric’s Heavy Military Electronics Department. The 
Department’s activities encompass design and manufacture 
of land-based and seaborne military electronics equipment 
including: radar, sonar, data processors, communication 
systems and guidance equipment. Areas for mathematical 
investigation include: 


ORBITS AND TRAJECTORIES — Developing new methods of integrating 
equations of motion and optimizing guidance system parameters in the 
study of earth satellite launcher trajectories and paths of lunar probes. 


ANTENNAE — Re-examination of classical equations of electromagnetic 
theory and developing new methods of solution. 


BOOLEAN ALGEBRA — Developing new methods for eliminating circuit 
components, investigating the use of multi-valued logics and study of 
new computer organizations made possible by recent advances in solid 
state components. 


PROBABILITY — Research in extraction of signals from noise, digital 
smoothing and anti-jam characteristics. 


GENERAL NUMERICAL ANALYSIS —Solution of a variety of problems 
in integration, interpolation, statistics, non-linear equations, gradient 
methods, eigenvalue problems, etc. 


MANAGEMENT SCIENCES Applications to problems in reliability, 
manufacturing scheduling, spare parts stocking policy, applied game 
theory and the transportation problem. 


An IBM 7090 and programming services are available for 
problems requiring machine solution. 


Write in full confidence to Mr. W. J. Eschenfelder, Dept. 6-ML 


HEAVY MILITARY ELECTRONICS DEPARTMENT 


GENERAL @@ ELECTRIC 


Court STREET SYRACUSE, NEw YorK 
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Careers in 


Mathematics 


Vitro’s increased activities in the field of Operations 
Research have created career opportunities for men 
with these interests and qualifications: 


MATHEMATICAL STATISTICIANS 


MS or PhD for conducting and consulting on analytical 
studies in a wide variety of applications, including informa- 
tion theory, weapons systems analysis, experimental design, 
data treatment. Should be familiar with some of the follow- 
ing—Monte Carlo procedures, Markov processes, decision 
theory, operations research, and have had 3-5 years industrial 
experience in imp!ementing these techniques. Position is in 
the Information Analysis Group. 


OPERATIONS RESEARCH ANALYSTS 


MA or PhD in Mathematics, Statistics or Physics. Conduct 
and direct operations research studies, principally in the 
areas of weapons systems evaluation, ballistic missile de- 
fense, anti-submarine warfare and electronic countermeas- 
ures. Should have experience in some of the following areas: 
applications of game theory, linear programming, Monte 
Carlo techniques, queueing theory and model construction. 


& Our modern laboratory is located in a suburban area with 
easy access to the cultural and educational facilities of met- 
ropolitan New York and New Jersey. Liberal benefits in- 
clude a tuition refund plan and relocation allowances. 


8 


Please send resume to Mr. S. Roberts. 


vacoratories 


Division of Vitro Corporation of America 


200 Pleasant Valley Way, West Orange, New Jersey 


o> FSP PoP 


- 
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uate degrees required. 


New York. 


OVERSEAS 


Robert College, in Istanbul, Turkey, presents a challenge in edu- 
cation in a vital part of the world. West and Middle East are con- 
tributing side by side to the development of a young and vigorous 
nation. Opportunities are available in engineering, business ad- 
ministration and economics, the sciences, and the humanities. Grad- 


Address inquiries to Dr. Howard P. Hall, Dean of Faculty, Rob- 
ert College, Bebek Post Box 8, Instanbul, Turkey; with copy to the 
Near East College Association, 548 Fifth Avenue, New York 36, 


Announcing— 


A pioneering approach to... 


ANALYTIC GEOMETRY 
AND CALCULUS 


Herbert Federer, Brown University; and 
Bjarni Jénsson, University of Minnesota 


Ready in March. This new textbook presents 
a modern development of analytic geometry and 
differential and integral calculus within the 
abstract framework of set theory. Definitions 
and theorems are precisely and completely 
stated; proofs of theorems and solutions of 
many illustrative examples are given in detail. 


Aided by carefully executed line drawings, 

k emphasizes intuitive geometric motivation 
for the fundamental concepts of the calculus. 
It presents a natural, mathematically forceful 
combination of the power of the calculus with 
the precision of set theory. 1961. 669 pp., 354 
ills. Instructor’s Manual available. $8.75 


MATRICES 


William Vann Parker, Auburn University, and 
James Clifton Eaves, University of Kentucky 


A class-tested, logical development of the theory 
of matrices which introduces the subject 
through linear forms and systems of equations. 
Makes full use of the rank canonical matrix 
and the elementary transformation matrices. 
“Well written . .. clear explanations.”—B. H. 
Arnold, Oregon State College. 1960. ae PP 


BASIC MATHEMATICS 


H. S. Kaltenborn, Samuel A. Anderson, 
and Helen H. Kaltenborn 
—all Memphis State University 


Requiring only a knowledge of simple arith- 
metic, this concise introduction to college 
mathematics emphasizes basic principles and 
mechanical procedures. Full coverage of sta- 
tistics. “An excellent presentation.”—Chester 
Feldman, University of New Hampshire. 1958. 
392 pp.; 74 figures, tables. Instructor’s Manu 

available. $4.75 


THE RONALD Press COMPANY 


15 East 26th Street, New York 10, New York 
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To be published early in 1961 


MODERN PLANE TRIGONOMETRY 
By WILLIAM L. HART 


Modern in many aspects: : 


* Starts with a foundation of modem terminology about variables, sets of objects, 


functions, graphs, and the distance formula. 


Uses the distance formula for a simplification of proofs of addition formulas, reduc- 
tion formulas, and the law of cosines. 


Features trigonometric functions of numbers at an intermediate stage, but does not 
eliminate the notion of an angle earlier. 


Clarifies the notion of a single-valued inverse function as a basis for the discussion 
of the logarithm function, and then uses this approach in a simplified treatment 
of the inverse trigonometric functions. 


Main text: 190 p. Optional chapter and appendix: 32 p. Tables: 124 p, 


D. C. HEATH AND COMPANY 


THE CARUS MATHEMATICAL MONOGRAPHS 


These Monographs are a series of expository books intended to make topics in pure and ap- 
plied mathematics accessible to teachers and students of mathematics and also to nonspecialists ! 
and scientific workers in other fields. 


Among the recently published Monographs are: 


No. 9. The Theory of Algebraic Numbers, by Harry Pollard. 

No. 10. The Arithmetic Theory of Quadratic Forms, by B. W. Jones. 

No. 11. Irrational Numbers, by Ivan Niven. 

No. 12. Statistical Independence in Probability, Analysis and Number Theory, by Mark Kac. 
No. 13. A Primer of Real Functions, by Ralph P. Boas, Jr. 


One copy of each monograph may be purchased by members of the Association for $2.00 
each. Orders should be sent to Harry M. Gehman, Executive Director, Mathematical Association 
of America, University of Buffalo, Buffalo 14, New York. 


In the case of Monographs 9-13, additional copies and copies for non-members may be pur- 
chased at $4.00 from John Wiley and Sons, 440 Park Avenue South, New York 16, New York. 
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IN ONE VOLUME ; OR IN TWO SEPARATE PARTS 
Thomas 


CALCULUS AND ANALYTIC GEOMETRY 


The accepted standard 
for wntroductory courses 


CALCULUS AND ANALYTIC GEOMETRY 
Complete 3rd ed. 1960—$10.75 


C & A G Part I: Functions of One Variable and Analytic Geometry 
3rd ed. 1960—$6.75 


C &A G Part 2: Vectors and Functions of Several Variables 
3rd ed. 1960—$5.25 


157 colleges and universities are now using Thomas—HAVE YOU A COPY? 


THE SIGN OF EXCELLENCE IN SCIENTIFIC AND ENGINEERING BOOKS 


ADDISON-WESLEY PUBLISHING COMPANY, INC. 


Reading, Massachusetts 


4 p. 
VY 
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Modern Fundamentals of Algebra and Trigonometry 
by HENRY SHARP, JR., Emory University 
This text presents the most elementary parts of algebra 
and trigonometry in the language and spirit of modern 
mathematics. Graphical illustrations of the ideas are 
emphasized throughout the book. 
January 1961 354 pp. Text price: $6.50 


Calculus and Analytic Geometry 


by ROBERT C. FISHER, Ohio State University, and 
ALLEN D. ZIEBUR, Harpur College, New York 


Here is an accurate and clearly understandable intro- 
duction to calculus and analytic geometry. At the end 
of the course using this text, the student should have 
a very good knowledge of the essential nature of the 
subject and be able to express himself in current nota- 
tion. 


April 1961 Text price: $9.50 


Advanced Calculus 
by DAVID WIDDER, Harvard University 


Designed for students who are familiar with manipu- 
lative skills of elementary calculus, the author begins 
with comparatively simple problems and shifts grad- 
ually to more purely theoretical aspects. Students can 
see immediately both hypotheses and conclusions and 
can concentrate on the structure of the proof. 


January 1961 approx. 572 pp. Text price: $9.00 


Linear Algebra 


by KENNETH HOFFMAN, Massachusetts Institute of 
Technology, and RAY KUNZE, Brandeis University 
This is a presentation of the fundamentals of linear 
algebra emphasizing the relation between abstract prin- 
ciples and their meaning in concrete situations. The 


text teaches the student to understand abstraction and 
rigor. 


January 1961 approx. 416 pp. Text price: $7.50 


Foundations of Geometry and Trigonometry 


by HOWARD LEVI, Columbia University 


A thoroughly modern solution to a recurring problem 
—how to incorporate the geometry inherited from the 
Greeks into the body of present-day mathematics. This 
text offers an elementary and rigorous development of 
affine and Euclidean geometry. 


1960 347 pp. Text price: $7.95 


For approval copies, write: Box 903, Dept. AMM 


ie PRENTICE-HALL, Inc. 
Englewood Cliffs, New Jersey 
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GENERAL MATHEMATICAL PAPERS 
ALGEBRA, NUMBER THEORY 


ALLEN, WADE LEE. Complex groups, 637-641. 

AnpreEss, W. R. Basic properties of pandiagonal 
magic squares, 143-152. 

Binc, Kurt. A construction of the null space 
of a linear transformation, 34-39. 

CoHEN, Eckrorp. The Brauer-Rademacher 
identity, 30-33. 

CUNNINGHAM, F., Jr., and VALENTINE, 
CuaRLEs W. Axioms for the affine line, 
549-559. 

EvANs, TREVOR. Embedding incomplete Latin 
squares, 958-961. 

Gotoms, S. W., and WeEtcu, L. R. On the 
enumeration of polygons, 349-353. 

HENKIN, LEON. On mathematical induction, 
323-338. 

Jounston, R. H. On the method of con- 
tractants, 865. 

KirconEr, ROGER B. The generalized coconut 
problem, 516-519. 

Lorxin, Mark. The diagonalization of certain 
normal matrices, 861-865. 

McCartnay, P. J. Busche-Ramanujan identities, 
966-970. 


McCarthy, P. J. Some remarks on arithmetical 
identities, 539-548. 

Marcus, MARVIN. Some properties and appli- 
cations of doubly stochastic matrices, 215- 
zai. 

MItEs, E. P., Jr. Generalized Fibonacci num- 
bers and associated matrices, 745-752. 
RINEHART, R. F. Skew matrices as square roots, 

157-161. 

SCHWERDTFEGER, H. Direct proof of Lanczos’ 
decomposition theorem, 855-860. 

SINGER, JAMES. A class of groups associated 
with Latin squares, 235-240. 

TRENCH, WILLIAM F. On periodicities of certain 
sequences of residues, 652-656. 

VALENTINE, CHARLES W. See Cunningham, F., 
Jr. 

WALL, D. D. Fibonacci series modulo m, 525- 
S32. 

WARNER, SETH. Mathematical induction in 
commutative semigroups, 533-537. 

WEL cH, L. R. See Golomb, S. W. 

Witr, HERBERT S. Almost diagonal matrices, 
431-434. 


ANALYSIS 


BewReNnD, F. A. Crinkly curves and choppy 
surfaces, 971-973. 

BirkHorr, GARRETT, and Rota, G. C. On the 
completeness of Sturm-Liouville expan- 
sions, 835-841. 

Bororsky, S. Convergence in ordered integral 
domains, 221-227. 

Branp, Louis. Binomial expansions in factorial 
powers, 953-957. 

Goopner, Dwicut B. Mean value theorems for 
functions with finite derivates, 852-855. 

Hewitt, Epwin. The réle of Compactness in 
analysis, 499-516. 

———. Integration by parts for Stieltjes inte- 
grals, 419-423. 


KavurMan, H. Remarks on a generalization of 
the trigonometric function, 753. 

Lauri, B. K. On nonuniform differentiability, 
649-652. 

LEVINE, NORMAN, and SAUNDERS, WILLIAM G. 
Uniformly continuous sets in metric spaces, 
153-156. 

Metzak, Z. A. An existence theorem for certain 
autonomous systems, 438-442. 

RAHMAN, Q. I. Some inequalities for poly- 
nomials, 847-851. 

Rota, G. C. See BiRKHOFF, GARRETT. 

SAUNDERS, WILLIAM G. See Levine, Norman. 

SHOLANDER, MArtow. Analytical expressions 
and elementary functions, 213-214. 
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SILVERMAN, E. A miniature theory of Lebesgue 
area, 424-430. 

SpitzBarT, A. A generalization of Hermite’s 
interpolation formula, 42-46. 

SuGal, Iwao. Riccati’s nonlinear differential 
equation, 134-139. 

TAUvuBER, S. On generalizations of the exponen- 
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tial function, 763-767. 

Warp, MorGan. The calculation of the com- 
plete elliptic integral of the third kind, 
205-213. 

WREDE, RoBeErt C. Rotating frames of refer- 
ence and the vector concept, 976-982. 


APPLIED MATHEMATICS 


BELLMAN, RICHARD, and Brock, PAUL. On the 
concepts of a problem and problem-solving, 
119-134. 

Bass, G. A. On the “clock paradox” in rela- 
tivity theory, 754-755. 

Brock, Pau. See Bellman, Richard. 


Coun, Harvey. Global equilibrium theory of 
charges on a circle, 338-343. 

KonuHEIM, ALAN G. A generalized independence 
condition and error correction codes, 
228-231. 


EDUCATION 


DE FRANCIS, JOHN. Mathematical competitions 
in China, 756-762. 
Recommendations of the Mathematical Asso- 


ciation of America for the training of 
mathematics teachers, 982-991. 


GEOMETRY 


Amir-Moez, A. R., and Fass, A. L. Quadrics 
in R,, 632-636. 

Carui1z, L. Congruences for the number of n- 
gons formed by m lines, 961-966. 

Court, N. A. Four interesecting spheres, 
241-248. 

Fass, A. L. See Amir-Moez, A. R. 

Hs1ao, E. K. On the theory of Lébell on trans- 


formation of surfaces, 353-356. 

SCHERK, PETER. Some concepts of conformal 
geometry, 1-30. 

Von SCHELLING, HERMANN. Remarks on the 
intrinsic equations of twisted curves, 356- 
363. 

YrFF, PETER. On the Brocard points of a tri- 
angle, 520-525. 


LOGIC 


Gi-wor_g, P. C. An alternative to set theory, 621-632. 


MISCELLANY 


Aczé£L, J. A look at mathematical competitions 
in Hungary, 435-437. 


BusH, L. E. The William Lowell Putnam 
Mathematical Competition, 559-561. 
HWANG, YEONG-WEN. An interlacing trans- 

formation problem, 974-976. 


MENGER, Kart. Gulliver’s return to the land 
without one, two, three, 641-648. 


SCHEID, FRANCIS. Some packing problems, 
231-235. 

TURRELL, FRANKLIN M. The definite integral 
symbol, 656-658. 

UNGER, STEPHAN H. A theorem on self-over- 
lapping sequences, 139-143. 

VANDIVER, H. S. On the desirability of pub- 
lishing classified bibliographies of the 
mathematics literature, 47-50. 


PROBABILITY, STATISTICS, GAME THEORY 


BANKIER, J. D. Operators and the r-way crossed 
classification, 841-847. 

MOoRGENTHALER, GEORGE W. On Bernoulli play 
with limited resources, 344-348. 


Ore, OysteIn. Pascal and the invention of 
probability theory, 409-419. 

ScHEID, FRANCIS. A tournament problem, 
39-41. 
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TOPOLOGY 


Binc, R. H. Elementary point set topology, 
Aug.-Sept., Part II, 1-58. 


Duncan, R. L. A topology for sequences of 
integers II, 537-539. 


MATHEMATICAL NOTES 


Edited by Roy Dusiscu, Fresno State College 


ANSELONE, P. M., and PorcE tt, P. Oscillatory 
limiting behavior of a random sequence, 
565-566. 

BENSON, DONALD C. A property of the Saltus 
operator, 869. 

BotteMA, O. A new planet, 872-875. 
BRowDER, FELIx E. On the proof of Mergel- 
yan’s approximation theorem, 442-444. 
Buck, R. C. Two remarks on the regular repre- 

sentations of an algebra, 997-998. 

BuscHMAN, R. G. Some infinite series for 
t(n+1), 260-263. 

. A note on a convolution, 364-365. 

BUSEMANN, HERBERT. Volumes and areas of 
cross-sections, 248-250. 

. Corrections to “volumes and areas of 
cross-sections,” 671. 

BuTLER, R. On the evaluation of 
fo*(sin™) /t™dt by the trapezoidal rule, 
566-569. 

Caritz, L., and LEVINE, JAcK. An identity of 
Cayley, 571-573. 

CHAKERIAN, G. D. The isoperimetric problem 
in the Minkowski plane, 1002-1004. 

CuHow a, S., and CorretA, F. B. The falsity of 
a certain asymptotic relation, 884. 

CoHEN, Eckrorp. The number of unitary di- 
visors of an integer, 879-880. 

Comisar, GERALD G. On the evaluation of 
finite sums by residues, 775-776. 

Corre!A, F. B. See Chowla, S. 

CRAWLEY, PETER. On the equivalence of two 
surfaces, 165-166. 

Dusins, LEsTER E. Another proof of the four 
vertex theorem, 573-574. 

——. On differentiation of series term-by- 
term, 771-772. 

ELyasH, ERNEST S., LausH, GEORGE, and 
LEVINE, NorMAN. On the product of two 
uniformly continuous functions on the 
lines, 265-267. 

FuLtks, W. A note on Laplace’s method, 
880-882. 

Futon, Curtis M., and STEIN, SHERMAN K. 


Parallelograms inscribed in convex curves, 
257-258. 
GoFFMAN, CASPER. Functions of finite Baire 
type, 164-165. 
GOLDBERG, K. The 
AAT=@A, 367. 
GoLtoms, SoLoMON W. The twin prime con- 
stant, 767-769. 

Grim, C. A. A vector solution of simultaneous 
linear equations, 263-265. 

GrinBauM, B. On a problem of L. Fejes-Téth, 
882-884. 

HAHN, FRANK. Isolated points in a Banach 
space, 570-571. 

Harary, FRANK, and WILLIAMSON, RALPH E. 
A note on evaluating determinants, 660. 

Hii, Pavut D. Note on a direct limit group, 
998-1000. 

Hiti_man, A. P. A generalization of the factor 
theorem, 777-778. 

IsBELL, J. R. A definition of ordinal numbers, 
51-52. 

KeErté£sz, A., and STEINFELD, O. On the sym- 
metry of semisimple rings, 450-452. 

KRALL, H. L. Self-adjoint differential expres- 
sions, 876-878. 

Lausu, GEorGE. See Elyash, Ernest S. 

LEVINE, JACK. See Carlitz, L. 

LEVINE, NORMAN. See Elyash, Ernest S. 

. The anticenter of a group, 61-63. 

. Remarks on uniform continuity in 

metric spaces, 562-563. 

. A note on convergence in topological 
spaces, 667-068. 

Lewis, F. A. Circulants and their groups, 258- 
260. 

LipMAN, Joe. A_ generalization of Ceva’s 
theorem, 162-163. 

McCarty, P. J. The probability that (m, f(m)) 
is r-free, 368-369. 

McCormick, GRANVILLE. A theorem on finite 
Abelian groups, 670. 

McCrimmon, Kevin. Enumeration of the posi- 
tive rationals, 868-869. 
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Makowsk!, A. On some equations involving 
functions ¢(m) and o(n), 668-670. 

Mattuaies, K.,and Mazkewitscu, D. Develop- 
ments of sin *x into Fourier series, 52-54. 

MazkKeEwIrtscu, D. See Matthies, K. 

MicHaEL, E. A class of partially ordered sets, 
448-449. 

MIL_LeER, R. R. See Struble, R. A. 

Navarro, J. A. Bounds on the expectation for 
sums of powers, 564. 

NEHARI, ZEEV. On the derivative of an ana- 
lytic function, 446-448. 

NeEwMav, D. J. Norms of polynomials, 778-779. 

. How to play baseball, 865-868. 

. The distribution function for extreme 

luck, 992-994. 

,and SHEpp, LAWRENCE. The double 
dixie cup problem, 58-61. 

OrE, OysTEIN. Note on Hamilton circuits, 55. 

Panpres, DAVE, Jr. A determinant representa- 
tion for the classical orthogonal poly- 
nomials, 658-659. 

PARKER, Francis D. The traces of certain 
matrices and chromatic graphs, 875. 
PENNEY, WALTER F. On the final digits of 

squares, 1000-1002. 
PorcELLI, P. See Anselone, P. M. 
RajyaGopaL, A. K. On some of the classical 
orthogonal polynomials, 166-169. 
REINER, IRMA. The matrix congruence 
X?*=I (mod #*), 773-775. 
Rivuin, T. J. On the maximum modulus of 
polynomials, 251-253. 


[December 


SCHENKMAN, EUGENE. The basis theorem for 
finitely generated Abelian groups, 770-771, 

Scott, S. J. On the number of zeros of a cubic 
recurrence, 169-170. 

SHAPIRO, GEORGE. Some properties of the 
Fibonacci numbers, 876. 

SHEPP, LAWRENCE. See Newman, Donald J. 

SLook, T. H. A note on Walsh-Fourier series, 
253-256. 

STEIN, SHERMAN K. See Fulton, Curtis M. 

STEINFELD, O. See Kertész, A. 

Stropt, WALTER. Remarks on the Euler- 
Maclaurin and Boole summation formulas, 
452-454. 

STRUBLE, R. A., and MIL_LeEr, R. R. Successive 
approximation applied to quadrature for- 
mulas, 661-664. 

SzEG6, G. Concerning the Fourier coefficients of 
a nonnegative function, 365-366. 

Taussky, OLGA. The quadratic subfield of the 
field generated by the pth root of unity, 
769. 

TinGc, Tsuan Wu. Note on the normal defor- 
mation of a surface, 994-997. 

WEINSTOCK, ROBERT. Greatest common divisor 
of several integers and an associated linear 
diophantine equation, 664-667. 

WEsToN, J. D. A note on the extension of linear 
functionals, 444-445. 

WILLIAMSON, RALPH E. See Harary, Frank. 

ZEITLIN, DAvipD. On the method of variation of 
parameters IJ, 869-871. 

ZEMMER, J. L. A Boolean geometry for the 
integers, 56-57. 


CLASSROOM NOTES 
Edited by C. O. OAKLEy, Haverford College 


AlssEN, M. I. The Toeplitz-Silverman theorem 
and the definition of e*, 70-71. 

BALLANTINE, J. P. Equiangular complex num- 
bers, 674-678. 

BaRRETT, Louis C., and Dristy, Forrest. 
Particular solutions for nonhomogeneous, 
linear, ordinary difference equations, 71-73. 

, and WILDE, CARROLL. A power series 

development of the convolution theorem, 

893-894. 

, and JAcosson, RicHarp A. Extended 
laws of the mean, 1005-1007. 

BLUMENSON, L. E. A derivation of n-dimen- 


sional spherical coordinates, 63-66. 

Brown, ARTHUR B. The principal values of 
arcsec x and arccsc x, 1012-1013. 

Brown, JAMEs W. An extension of integration 
by parts, 372. 

Caruitz, L. A property of the Bernoulli num- 
bers, 1011-1012. 

CHATTERJEA, S. K. On simple continued frac- 
tions, 886-888. 

CHENEY, WarpD. An example in differential 
equations: The n-body problem, 456-457. 

CxiarkK, B. G. The effects of singular collinea- 
tions, 454-456. 
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CuLLEN, C. G. A method of calculating the 
characteristic equation of a matrix, 889- 
890. 

De Sua, FRANK C. A system isomorphic to the 
reals, 900-903. 

DIANANDA, P. H. A simple proof of the arith- 
metic mean, geometric mean inequality, 
1007. 

Dristy, ForREsT. See Barrett, Louis C. 

DyER-BENNET, JOHN. A problem on escape 
velocity, 1014-1015. 

Eaton, J. E. The fundamental theorem of 
algebra, 578-579. 

Etper, A. E. Feuerbach’s theorem: A new 
proof, 905-906. 

ELKIN, JACK M. Triangles formed by line seg- 
ments parallel to the altitudes and angle 
bisectors of a triangle, 458. 

Evans, JACQUELINE P. The extended law of the 
mean by a translation-rotation of axes, 
580-581. 

FickeNn, F. A. Finding the change of variable 
carrying one finite interval onto another, 
781. 

Firey, J. Remainder formulae in 
Taylor’s theorem, 903-905. 

FRAME, J. S. Euler and tangent numbers and 
the exponential shift, 1016-1019. 

FuLton, Curtis M. The centroid in absolute 
geometry, 885. 

GOLDBERG, SEyMouR. A simple proof of a 
theorem concerning reflexivity, 1004. 

HARPER, FLoyp S. A unifying equation in 
mathematics of finance, 458-463. 

HOFFMAN, STEPHEN. A classroom proof of 
limy.y (sin t)/t=1, 671-672. 

JAcoBSON, RICHARD A. See Barrett, Louis C. 

Kearns, D. A. On solutions of linear differential 
equations, 369-370. 

Ketan, R. B., and Rivutn, T. J. Conditions 
for the integrand of an improper integral 
to be bounded or tend to zero, 1019-1022. 

LEDLEY, RoBERT S. A pedagogical aspect of the 
development of the real numbers, 280-281. 

LEVINE, NorMAN. Strong continuity in topo- 
logical spaces, 269. 

MatTHeEws, J. C., and VinoGrabE, B. Note on 
the classical canonical form of a matrix, 
68-70. 

May, Kenneta. Errors resulting from a ma- 
nipulative approach to proving the ortho- 
gonality of two curves, 373. 


MEapD, D. G. The chain rule, 787-788. 

MICHELOwW, JAMES. A note on two convergence 
tests, 581-583. 

MILEs, E. P., Jr. Matrix slide rules, 788-791. 

Moppert, C. F. The triangular inequality in 
the projective model of a hyperbolic ge- 
ometry, 782-784. 

Murase, It1ro. A remark on the rank of a 
matrix, 176-177. 

NanyunpiaH, T. S. Evaluation of Dirichlet’s 
integrals, 784-785. 

NEwMaN, D. J. Arithmetic, geometric inequal- 
ity, 886. 

Ocitvy, C. S. Exceptional extremum problems, 
270-275. 

. Derivatives of sin @ and cos @, 673. 

OsBorn, RoGeER. Concerning fourth-order de- 
terminants, 682-683. 

. Note on deriving annuity formulas, 
1015-1016. 

Owens, Rosert H. Motivating the method of 
Frobenius, 278-279. 

ParKER, F. D. Boolean algebra, 268. 

PENNINGTON, W. B. Existence of a maximum 
of a continuous function, 892-893. 

PuRSELL, Lyte E. Conics on a sphere, 895-897. 

RIviin, T. J. See Kelman, R. B. 

Rosrnson, D. W. A note on diagonable matrix 
polynomials, 173-174. 

ROTHSTEIN, JEROME. A method for the con- 
struction of singly even magic squares, 
583-585. 

SEELEY, R. T. An undergraduate approach to 
a boundary value problem, 1008-1011. 
SHKLOV, N. Simpson’s rule for unequally spaced 

ordinates, 1022-1023. 

SKLAR, ABE. On the definition of the Riemann 
integral, 897-900. 

SONNER, J. Combinatorial miscellanea, 891-892. 

SPRAGUE, ATHERTON H. A noteon é ande, 780. 

STUERMANN, WALTER E. Plotting Boolean func- 
tions, 170-172. 

Tuurston, H. S. A probability related to the 
Euclidean algorithm, 175-176. 

TuHurston, HucH A. On Euler’s equation, 
678-681. 

VAUGHAN, HERBERT E. On the irrationality of 
roots, 576-578. 

VENKANNAYAH, K. On a note of N. S. Mendel- 
sohn, 683-684. 

VrinoGRADE, B. See Mathews, J. C. 

Wattace, A. D. Matric groups, 268. 
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Warp, Uzysses V. Linear first-order differen- 
tial equations, 785-786. 

WErtnsTock, RoBERrT. A note on the base of 
natural logarithms, 371. 

Waite, Roscozk B. Matrix integration of 
x* exp (—f*x?), 66-68. 

WILDE, CARROLL. See Barrett, Louis C. 


| December 


Wrebe, Rosert C. A proof of the vector triple 


cross product identity, 574-576. 


Yates, Ropert C. Curvatures of n6, 


275-278. 


ZEITLIN, Davip. A remark on linear difference 


equations, 173. 


MATHEMATICAL EDUCATION NOTES 


Edited by Jonn A. Brown, University of Delaware, and JonnN R. Mayor, 
AAAS and University of Maryland 


ANDERSON, R. D. Topological ideas in junior 
high school mathematics, 288-289. 

ANDREE, JOSEPHINE. Mu Alpha Theta, 75. 

Barrp, GEORGE H. Greater Cleveland mathe- 
matics plan, 376-377. 

Barnett, I. A. A note on analytic geometry, 
1026. 

BLyTH, JOHN W. Teaching machines and logic, 
285-287. 

Brown, KENNETH E. Qualifications and teach- 
ing loads of mathematics and science 
teachers, 684-686. 

. Inservice re-education of mathematics 
teachers, 918-920. 

BuUsEMANN, HERBERT. The role of geometry for 
the mathematics student, 281-285. 

Carposo, JAayYME Macuapo. The mathematics 
program at the University of Parana, 687. 

Davis, RoBert B. The Syracuse University 
“Madison project,” 178-180. 

DEVAULT, M. VERE. See Osborn, Roger. 

Howarp F. What mathematics is taught 
in European schools, 797-802. 

HENDRIX, GERTRUDE. The case for basic re- 
search on theory of instruction, 466-467. 

. The UICSM teacher training films, 


686-687. 

Joun, LENorE. Geometry for elementary school 
teachers, 374-375. 

JoNEs, Puituip S. Recent research in mathe- 
matics: Implications for teacher education, 
585-590. 

Karnes, Houston T. A report on the Baton 


Rouge center for grades seven and eight 
school mathematics study group, 1958-59, 
468-469. 

MEHLENBACHER, LYLE E. The master of arts 
in the teaching of mathematics, 75-76. 
MERRIELL, D. M. Some thoughts on moderniz- 

ing the curriculum, 76-78. 

OsBorn, RoGerR, and DEVAuLT, M. VERE. A 
mathematics inservice education project 
for elementary school teachers, 914-915. 

ParRKER, W. V. Reaction to the Kansas TEPS 
Conference, 470. 

PayNE, JosEPH N. A summer institute on the 
teaching of arithmetic for elementary 
school personnel, 465-466. 

Pérya, G. Teaching of Mathematics in Switzer- 
land, 907-914. 

SHIMBERG, BENJAMIN. New cooperative mathe- 
matics tests, 1027. 

SMART, JAMES R. A summer institute in mathe- 
matics for arithmetic teachers and super- 
visors, 1025-1026. 

STEPHENS, ROTHWELL. Program of visiting 
lecturers of the MAA, 463-465. 

Stockton, Doris S. An experiment with a large 
calculus class, 1024-1025. 

Turner, Nura D. The national contest in high 
school mathematics in Upper New York 
State, 73-74. 

WHEATLEY, Jon. Logic: game or tool? 916-917. 

Youne, G. S. The NASDTEC-AAAS teacher 
preparation and certification study, 792- 
797. 
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AAAS Studies in Teacher Education, 373-374. 

Advanced Mathematics by TV, 181. 

AIBS Secondary School Biological Sciences 
Film Series, 592. 

California Conference on Secondary School 
Mathematics, 473. 

Carnegie Institute of Technology—Mathe- 
matics Education Committee, 79. 

CBA Chemistry Project, 691. 

Conference on Elementary Science and Mathe- 
matics, 591. 

Continental Classroom, 690. 

ETS Cooperative Plan for Admission and Guid- 
ance, 690-691. 

Experiment in Individualized Instruction in 
Grade 9, 921. 

Interest in Elementary School Mathematics 
Increases, 591-592. 

MAA Visiting Lecturer Program to Secondary 
Schools 1959-60, 80-81. 

Mathematics Courses for Elementary Teachers, 
470-473. 

Mathematics Program of the Arizona Academy 
of Science, 287. 

Mathematics in a Science Fair, 591. 


Mathematics Speaker's Bureau of Metropolitan 
New York, 289. 

Methods Course in Mathematics for Prospec- 
tive Secondary School Teachers, 688-690. 

NASDTEC Study of Certification Require- 
ments for Teachers of Secondary-School 
Mathematics and Science, 181-182. 

NCTM Regional Conference for School Ad- 
ministrators, 920-921. 

NSF Program in Mathematics for High- 
Ability Secondary School Students at the 
University of Texas, 376. 

NSF Summer Institutes for Engineering Teach- 
ers, 287. 

Proficiency Examinations for Teachers, 79-80. 

Science Education News, 473. 

Traveling Science Demonstration Lecture Pro- 
gram, 79. 

Trends in Engineering Enrollments, 691. 

United States Registry of Junior and Senior 
High School Science and Mathematics 
Teaching Personnel, 180. 

West Virginia Study of Education of Junior 
High School Mathematics Teachers, 590. 


PROBLEMS AND SOLUTIONS 


Edited by Howarp EvEs, University of Maine, and E. P. Starke, Rutgers, 
The State University 


AUTHORS 


Numbers refer to pages, boldface type indicating a problem solved and solution published; 
italics, a problem solved but the complete solution not published; ordinary type, a problem 


proposed. 


Abian, Smbat, 700. 
Aggarwal, O. P., 187. 
Aheart, A. N., 82. 
Ballantine, J. P., 925 
Bankoff, Leon, 82, 693-694, 695. 
Bateman, P. T., 479. 
Bechtell, H. F., 379. 

Beck, Anatole, 802. 
Becker, W. R., 593. 
Berberian, S., 809. 

Blau, J. H., 808. 

Blundon, W. J., 925. 
Breusch, R. H., 1030. 
Brock, J. S., 693. 

Brown, J. L., Jr., 83, 1030. 


Brown, James W., 926. 
Buck, R. C., 381, 474, 1033. 
Burr, John, 813-814. 
Butzer, P. L., 479. 
Campopiano, C. N., 1033. 
Carlitz, Leonard, 383, 703, 812-813, 928-929. 
Carver, W. B., 807, 922. 
Catlin, Seth, 1030, 

Chang, Yi, 189. 
Chrestenson, H. E., 378. 
Cohen, Leonard, 474. 
Court, N. A., 1028. 
Crawley, Peter, 700. 
Cunkle, C. H., 83. 

Danese, A. E., 81-82. 
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Davis, Chandler, 600-601. 

Denman, R. E., 923. 

DiAntonio, G., 803. 

Drazin, M. P., 383-385. 

Dudley, Underwood, 293, 475. 

Eby, E. S., 183, 184. 

Einhorn, S. J., 388. 

Eisman, S. H., 477. 

Elkin, J. M., 922. 

Ellis, J. W., 90, 476, 1031. 

Erdés, Paul, 596. 

Everman, Dustan, 81-82. 

Faith, C. C., 809. 

Fan, Ky, 482. 

Farnell, A. B., 300. 

Federico, P. J., 923. 

Fine, N. J., 84, 184, 298-299, 380-381, 476, 
697-698, 925-926, 1035. 

Flanders, Harley, 188-189, 809-810, 1037. 

Forsythe, G. E., 696. 

Frame, J. S., 479, 700-702. 

Franklin, S. P., 476, 593. 

Gl, I. S., 86, 188. 

Gale, David, 700, 809. 

Garner, L. L., 183. 

Gilbert, E. N., 91. 

Glauberman, George, 378. 

Goheen, Harry, 926. 

Goldberg, Michael, 290, 477-478, 1036. 

Goldman, A. J., 84-85. 

Goldstone, L. D., 595-596. 

Golomb, S. W., 597. 

Gordon, Basil, 479. 

Gordon, R. D., 480. 

Gould, S. H., 380, 922. 

Greene, S. H., 292-293, 1036. 

Greenstein, D. S., 928. 

Grosswald, Emil, 182, 187. 

Guttman, Irwin, 187. 

Harrison, B. K., 378. 

Hartop, Robert, 474. 

Herschorn, M., 87-88, 378. 

Herstein, I. N., 927. 

Hodges, J. H., 476. 

Hoggatt, V. E., Jr., 82, 593, 923. 

Hood, R. T., 83. 

Hutchison, G. A., 476, 593. 

Hyde, A. R., 475, 696. 

Iyer, R. Venkatachalam, 1034. 

James, Robert C., 386-387. 

Jerison, Meyer, 930. 

Kacser, C., 809. 


[December 


Kahn, D. S., 190. 

Keeping, E. S., 295, 927. 

Kilmoyer, R. W., Jr., 593. 

King, Charles, 593. 

Klamkin, M. S., 87, 187, 292, 693, 702, 802, 
1028, 1033. 

Klee, Victor, 382. 

Kneser, J. C., 929. 

Koehler, Fulton, 190-192. 

Kolodner, I. I., 598. 

Konopliv, Nickolas, 922. 

Korsak, Andrew, 380. 

Kraus, Andrew, 188. 

Kruskal, William, 297-298. 

Lapidus, Leo, 83. 

Leetch, J. F., 802. 

Lehner, Joseph, 599-600. 

Leonard, R. A., 595. 

Leuenberger, F., 182, 692. 

Lewin, L., 699. 

Lieberman, Aaron, 693. 

Lieblein, Julius, 295-296. 

Lipman, Joe, 291, 293-294, 294, 379, 804. 

Lloyd, S. P., 382 

Lowenschuss, O., 802. 

Lukacs, Paul, 290. 

McChesney, R. W., 1033. 

McMillan, Brockway, 386. 

Makowski, Andrzej, 1028. 

Manheimer, Wallace, 923. 

Marsh, D. C. B., 477-478, 600, 696, 804, 810, 
1032. 
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Report of the Treasurer for the Year 1959, 403. 

Twenty-First Annual William Lowell Putnam 
Mathematical Competition, 718. 


MEETINGS OF ITS SECTIONS 


Allegheny Mountain, April 1960, Evan Joun- 
SON, JR., 720-722. 

Illinois, May 1960, A.W. McGauGuey, 736-737. 

Indiana, October 1959, C. F. Brumriet, 202~ 
203. May 1960, C. F. BRUMFIEL, 827-828. 

Iowa, October 1959, E. L. CANFIELD, 319. 
April 1960, E. L. CANFIELD, 722-724. 

Kansas, April 1960, HELEN KRIEGSMAN, 724- 
725. 

Kentucky, April 1960, V. F. Cow.tne, 826-827. 

Louisiana-Mississippi, February 1960, T. L. 
REYNOLDS, 613-615. 

Maryland-District of Columbia-Virginia, De- 


cember 1959, D. B. LLtoyp, 320-322. May 
1960, D. B. LLoyp, 738-739. 

Michigan, March 1960, L. E. MEHLENBACHER, 
719-720. 

Minnesota, November 1959, F. L. Wo xr, 825- 
826. May 1960, F. L. Wor, 828-829. 
Missouri, April 1960, MARIAN A. LESHER, 725- 

726. 
Nebraska, April 1960, M. M. Cox, 726-727. 
New Jersey, November 1959, I. L. BATTIN, 
406-407. 
Northern California, 
Dusiscu, 497-498. 


January 1960, Roy 
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Northeastern, November 1959, R. S. PIETERS, PENTER, 739-742. 
407. Southern California, March 1960, R. B. HER- 
Oklahoma, October 1959, R. V. ANDREE, RERA, 615-617. 
203-204. April 1960, R. V. Andree, 949- Southeastern, April 1960, C. L. SEEBECK, JR., 
951. 727-731. 
Ohio, May 1960, Foster Brooks, 829-830. Southwestern, April 1960, DEONISIE TRIFAN, 
Pacific Northwest, June 1960, K. S. GHENT, 732-733. 
832-834. Texas, April 1960, C. R. SHERER, 733-736. 
Philadelphia, November 1959, F. L. DENNis, Upper New York State, May 1960, N. G. 
319-320. GUNDERSON, 831-832. 
Rocky Mountain, May 1960, F. M. Car- Wisconsin, May 1960, E. F. WiLpe, 742-744. 


PERSONAL INFORMATION 


Newly elected members of the Association, 111-115, 316-318, 493-497, 610-613, 714-717, 
824-825, 943-944, 1055-1056. 
The following persons presented papers at meetings of the Association and its Sections: 


Abbott, J. H., 203. 
Alexander, Howard, 828. 
Allen, J. E., 950. 
Anderson, A. G., 827. 
Anderson, R. D., 614, 
Apostle, H. G. 724. 
Armijo, Larry, 734. 
Bagley, R. W., 615. 
Bailey, H. R., 739. 
Balakrishnan, A. V., 616. 
Baldwin, 732. 
Ballantine, J. P., 834. 

Barr, D. R., 

Barrett, L. “230, 740, 742. 
Baum, Ww. 

Beaumont, R. 2333, 
Beeler, 

Begle, E. “407. 

Besicovitch, A. S., 315 

Bey, D. R., 737. 

Birnbaum, z W., 833. 
Blackwell, David, 737. 
Blackwell, R. 729. 
Blair, P. M., 

Blumenthal, M., 725. 
Blythe, Isobel, 720. 
—_ Chudyniv, Volodymyr, 321, 


Bolie W., 723 
Boswell, R. D., Jt 615. 
Boyd, J. R., 73 

Brand, Louis, 734. 
Brauer, Richard, 407. 
Brenner, J. L., 498. 
Rriggs, W. E., 740. 
Brooks, } oO. "045. 
Brossard, Roland, 832. 
Brumfiel, Charles, 828. 
Bryant, B. F., 730. 
Buck, R. C., 406, 946. 
Bushman, R. G., 740. 
Butts, H. S., 614. 
Cammon, R., 736. 
Carroll, ‘203. 
Carson, T. C., 728 
Cartlidge, Don, 733, 
Cohen, A. C., Jr., 731. 
Coomes, H. R., 827. 
Cope, W. K., 827. 
Cowan, Russell, 731. 
Cox, H. M., 

Crofts, A. E. 
Cross, Lonnie, 728. 


Cunkle, C, H., 74 


Curtis, H. B., 734. 
Davis, A. G., 831. 
Davis, Allen, b> 
Davis, P. J., 

DeGroot, 828. 
Dowds, Richard, 203. 
Dulmage, A. L., 826, 
Duren, W. L., 321. 
Durst, L. K., 736. 

Earl, J. M., 726. 
Edmondson, D. E., 734. 
Eisenman, R. L., 741. 
Enzmann, Joanna, 723. 
Epstein, Bernard, 320. 
Esary, J. D., 833. 

Evans, Trevor, 727. 
Fadell, A. G., 831. 
Fagerstrom, W. H., 736. 
Federico, P. J., 738. 
Fels, E. M., 722. 
Finley, R. D., 740. 
Fisher, R. C., 726. 
Fort, Tomlinson, 730. 
Fox, R 22. 

Frame, J. S., 720. 
Freitag, A. ii, 321. 
Freitag, Herta T., 321. 
Frick, C. H., 321. 
Friedman, Bernard, 498, 
Fuller, L. E., 725. 
Fulton, M., 497. 
Garrison, W. B., 950. 
Gentry, F. C., 733. 
Gerstenhaber, Murray, 406, 
Gibson, R. 740. 
Giever, J. B., 733. 
Glenn, W. fr, Ir., 617. 
Goldberg, Sey: mour, 732. 
Goldman, A. J., 321. 
Golomb, Michael, 203. 
Goodner, D. B., 730. 
Gould, H. W., 721. 
Graue, L. C., 830. 


Greenspan, Donald, 828. 
Grimm, C. A., 739. 
Grimn, L. J., "729. 
Gupta, S. K., 829, 830. 
Haag, V. H., 320. 
Hadlock, E. ‘H., 730. 
Hales, Ww. 729. 

Hall, Marshall, 616. 
Halperin, Israel, 831. 
Harkness, W. L. a? 
Hathorn, C. ae 

Head, T. J., 72 
Heineman, E. 736. 


Herr, D. G., 

Herzberger, 831. 
Heuer, C. V., 727 
Higgins, J. C., 742. 
Hoffman, J. E., 203. 
Hogg, R. V., 723. 
Horvath, J. M., 321. 
Howard, 827. 
Hudson, F. M., 

Jacobson, R. A., 740, 742. 
John, Lenore, 319. 
Johnson, D. M., 826. 
Johnson, Elbert, 741. 
Johnson, Guy, 734. 

Kac, Mark, 946. 

Kalin, Robert, 728. 
Kelly, L. M., 720. 
Kemeny, J. G., 730, 945. 
Kemperman, J. H. B., 828. 
Kempner, A. J., 742 
Kepler, J. F., 

Kilmer, R. E., 735. 
Kolodner, I. I., 732. 
Korevaar, Jacob, 947. 
Krabbe, G. L., 203. 
Krogdahl, W. S., 827. 
Kuang, P., 731. 


Langenhop, C. E., 
LaSalle, Margaret ‘615. 
Layton, W. L., 736. 
LeVeque, W. 737. 
Levin, Frank, 827. 
Levy, Gene, 203. 
Levy, Milton, 733. 
Lewis, Eunice, 203. 
Lewis, J. V., 733. 
Lloyd, D. B., 320. 
Linton, M. A., 320. 


McArthur, C. We 
McCarthy, P. J., 730. 
McCulley, W. 735. 
McFeely, Frank, 950. 


McShane, E. J., 738. 
Marchand, E. W., 832. 
Marmasse, Claude, 738. 
Meany, R. K., 735. 
Meisters, G. H., 726. 


er 
0, 
19. 
yn, | 
0, | 
he 
)3, 
im 
Lambert, R. J., 724. 
ay 
R, 
5- 
Long, F. M., 723. 
Long, J. M., 320. 
™ sray, A. B., JT., x Lonseth, A. T., 833. 
Losey, G. O., 743. 
Luce, R. D., 319. 
McKelvey, R. W., 739. 
)' McLachlan, N. W., 741. 
rouch, R. B., 733. 
Crowe 
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Mendelsohn, N. S., 826. 
Merriell, D. M., 616. 
Mesner, Dale, 828. 
Mientka, W. E., 727. 
Miles, E. P., fre 728. 
Milgram, A. N., 497. 
Miller, G. ti 7 
Minton, P. a 7 
Mishoe, L. I., 738. 
Mitchell, B. E., 614, 615. 


Montague, Harriet F., 832. 


Moore, G. E., 720 
Moore, M. A., 830. 
Moore, M. C., 737. 
Mordell, L. J., 726, 742. 
Moser, W illiam, 828. 
Moyers, E. B., 615. 
Mulcrone, T. F., 641. 
Nathan, S., 826. 
Nering, E. D., 733. 
Nickel, J. A., 950. 
Nicol, Charles, 203, 950. 
Niven, Ivan, 944, 946, 
Nohel, J. A., 729, 731. 
Novikoff, Albert, 498. 
Oberg, E. N., 722. 
Oliver, Don, 826. 
Osborn, Roger, 735. 


Parker, E. 
Patterson, 
Pegis, R. J., 831. 
Perisho, C. R., 
Pignani, T. J., 827. 
Pinzka, C. F., 830. 
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Price, G. B., 497, 616. Stein, F. M., 740. 
Pursell, L. E., 722 Stelson, H. E., 720. 
Rademacher, ‘Hans, 407. Stuermann, W. E., 951. 
Raiffa, Howard, 407. Swain, Henry, = 743. 
Ratner, L. T., 731. Sydnor, T. E., 616. 
Tabler, E. A., 830. 


832. 
Robertson, Ww endy J., 725. 
Robinson, D. W., 741. 
Robinson, 
Rogers, D. R., 741. 
Rosenbaum, R. A., 945. Ullman, J. 
Rosenbloom, C., $33. Ulrich, 614. 
Ross, A. E., 946, Underwood, R. S., 736. 
Rubin, Herman, 719, Van, Ping-Chan, 736. 
Ruchte, M. F., 724 Van Voorhis, W. R., 829. 
Rutland, L. W., Jr., 740. Wagner, Frank, 743. 
Rutledge, W. A., 950. Wahlstrom, Law a 743. 
Saunders, S. C., 833. Walker, E. H., 
Schneider, H. H., 727. Waltmann, W: _ 722. 
Schuster, Seymour, 828. Ward, Morgan, 616. 
Schwabauer, Robert, 727. Waterman, Daniel, 743. 
Scott, La a 726, 727. Weihe, Helen S., 827. 
Seebeck, C. L., Jr., 729. Weill, Leon, 615. 
Seelbinder, 728. Whitesitt, J. E., 833. 
Serrin, James, 829. ji 
Shanks, E. B., 731. 
Small, W. A., 
Smith, Cs Wolfsa, C. J., 733. 
Smith, Roland, ‘8. Yale, P. B., 830. 
Smith, T. M., Yates, R. C., 321. 
Snapper, Young, F. H., 833. 
Sobczyk, Andrew, 731. Zehna, P. W., 742. 
Springer, George, 735. Zirankzade, Aboulghassem, 742. 
Steen, F. H., 721. 


Errata, 161, 289, 658, 779. 


Index of Volumes 1 to 56 Inclusive 
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Copies at $1.25 each postpaid may be ordered from: 


Harry M. GEHMAN, Treasurer 
Mathematical Association of America 
University of Buffalo 

Buffalo 14, New York 


4 Reid, W. T., 724. Taylor, A. E., 733. 
Palmer, M. C., 729. 
Pan, T. K., 203, 950. 
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A New Book List from... 


McGraw-Hill Book Company 


INTRODUCTION TO MATRIX ANALYSIS 


By Richard Bellman, The Rand Corporation. 328 pages, $10.00. 


MODERN MATHEMATICS FOR THE 
ENGINEER, Volume II 


Edited by Edwin F. Beckenbach, University of California, Los Angeles. 
University of California Engineering and Extension Series. Ready in 


January, 1961. 


AN INTRODUCTION TO MATHEMATICS 
FOR BUSINESS ANALYSIS 


By Robert C. Meier, General Mills, Inc.; and Stephen H. Archer, Uni- 
versity of Washington. 284 pages, $6.95. 


WRITING A TECHNICAL PAPER 


By Donald H. Menzel, Howard M. Jones, and Mrs. Lyle G. Boyd, Harvard 
University. In Press. 


COLLEGE ALGEBRA, Fourth Edition 


By Paul K. Rees, Louisiana State University; and Fred W. Sparks, Texas 
Technological College. Ready in March, 1961. 


FUNDAMENTAL MATHEMATICS, 
Second Edition 


By Thomas L. Wade and Howard E. Taylor, Florida State University. 
Ready in March, 1961. 


Send for copies on approval 


McGraw-Hill Book Company, Inc. 


330 West 42nd Street New York 36, N.Y. 


4 


COMING NEXT SPRING 


ARITHMETIC: An Introduction to Mathematics 
L. Clark Lay, Orange County State College 


Covers every aspect of elementary arithmetic and provides a foundation for alge- 
bra and advanced mathematics . . . goes beyond basics to develop many concepts 
necessary in algebra. Teacher's manual and alternate sets of tests available. 


The Allendoerfer Mathematics Series 


TABLES OF INTEGRALS AND OTHER MATHEMATICAL DATA, 
Fourth Edition 
Herbert B. Dwight, Massachusetts Institute of Technology 


The standard reference text in its fourth edition. . . . Includes an expanded ma- 
terial on definite integrals . . . an entirely new group of elliptic integrals. 


UNIFIED CALCULUS AND ANALYTIC GEOMETRY 


Earl D. Rainville, University of Michigan 


Offers a careful treatment of basic ideas and manipulative techniques of analytic 
geometry and calculus. Features: geometry and calculus developed in close rela- 
tion to one another; attention to many advanced mathematical topics; a five- 
chapter introduction to differential equations . . . more than 5,000 exercises. 


NEW BOOKS AVAILABLE NOW 


APPLIED BOOLEAN ALGEBRA. An Elementary Introduction 


Franz E. Hohn, University of Illinois 


Introduces Boolean Algebra as applied mathematics .. . fec:ures a careful, simple 
treatment facilitating rapid understanding. Includes two appendices covering phys- 
ical aspects of switching elements and the binary system of numeration. 

1960, 159 pages (paperbound), $2.50 


The Allendoerfer Mathematics Series 


FUNDAMENTALS OF COLLEGE ALGEBRA 
William H. Durfee, Mount Holyoke College 
Covers aspects of classical algebra important in present day mathematics .. . treats 
basic principles necessary for analytic geometry and elementary calculus .. . 
emphasizes sets, axioms, and the real number field. Definitions and theorems 
carefully stated and modern terminology used throughout the book. 
1960, 250 pages, $4.50 


The Allendoerfer Mathematics Series 


60 FIFTH AVENUE, NEW YORK 11, N.Y. 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN 


The Macmillan Company 


